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Abstract. A quadrilateral of factors is an irreducible inclusion of factors TV C M 
with intermediate subfactors P and Q such that P and Q generate M and the 
intersection of P and Q is N. We investigate the structure of a noncommuting 
quadrilateral of factors with all the elementary inclusions P C M, Q C M, N C P, 
and N C Q 2-supertransitive. In particular we classify noncommuting quadrilater- 
als with the indices of the elementary subfactors less than or equal to 4. We also 
compute the angles between P and Q for quadrilaterals coming from a-induction 
and asymptotic inclusions. 

1. Introduction 

If M is a factor with a finite group G acting by outer automorphisms, then iV = 
M , the algebra of fixed points of the action, is an irreducible subfactor of M with 
index equal to the order of G. It is well known that in this case the intermediate 
subalgebras iV C P C M are precisely the fixed point algebras of the subgroups of G 

In this spirit one thinks of the classification of intermediate subfactors as a "non- 
commutative Galois theory". Motivated by von Neumann's study of projection lat- 
tices in Hilbert space as a "continuous geometry", Watatani proposed studying lattices 
of intermediate subfactors, which are finite for irreducible finite-index inclusions, as 
a quantization [56]. Sano and Watatani introduced the notion of angles between 
subfactors, a numerical invariant which measures the degree of noncommutativity of 
pairs of subfactors [54]. 

A major step towards the classification of intermediate subfactors was Bisch's char- 
acterization of intermediate subfactors as biprojections in planar algebras- elements of 
the standard invariant which are projections in both of the dual algebraic structures 
[4]. Bisch and Jones then described a generic construction of intermediate subfac- 
tors by constructing a universal planar algebra generated by a single biprojection, 
the Fuss-Catalan algebra with parameters corresponding to the indices [7]. These 
intermediate subfactors are supertransitive in the sense that the standard invariants 
are minimal. 

It was hoped that a similar generic planar algebra for multiple intermediate sub- 
factors could be described in terms of indices and invariants such as angles. Indeed, a 
tensor product does yield a generic construction of commuting pairs of intermediate 
subfactors, but constructing pairs with nontrivial angles has proven more difficult. 
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In [13], Jones and the first-named author showed that there are essentially only 2 
examples of noncommuting irreducible quadrilaterals of factors such that all of the 
elementary inclusions are supertransitive. One is a quadrilateral of subgroups of the 
symmetric group 63 and the other comes from the GHJ family of subfactors and all 
the elementary inclusions have index 2 + \[2. 

It is known that the structure of an intermediate subfactor N C P C M is deter- 
mined by the relationship between the two systems of P-P bimodules arising from 
N C P and P C M (see [6j,[26j). After [13] appeared, the second-named author 
gave a short proof of the above mentioned result using simple computation of P — P 
bimodules (see Remark l4~2l ) . It turns out from the proof that the assumption in [13] 
is too restrictive from the view point of bimodules. Therefore to capture more in- 
teresting and general structure, one should relax the assumption of supertransitivity. 
Indeed, the first named author [T2] recently obtained a complete classification result 
of irreducible non-commuting quadrilaterals with N C P and N <Z Q isomorphic to 
the Jones subfactor of index less than 4 (without posing any assumption onPcM 
or Q C M) and showed that a series of such quadrilaterals exists. 

In this paper we investigate quadrilaterals whose elementary inclusions P C M, 
Q C M, N C P, and N C Q are each 2-supertransitive (an inclusion L C K is 

2- supertransitive if the complement of L in the L — L bimodule decomposition of 
K is irreducible.) In this case the systems of P — P bimodules for iV C P and for 
P C M are each generated by a single irreducible P — P bimodule, and the question 
is how these two bimodules are related. 

A key tool in this analysis is the notion of second cohomology for subfactors, 
introduced by the second named author and Kosaki in [27], which counts the inner 
conjugacy classes of subfactors sharing the same basic extension (as a bimodule class). 
For a quadrilateral with N C P and N C Q 2-supertransitive, noncommutativity is 
equivalent to the existence of an N — N bimodule isomorphism from P to Q [13]. If 
N C P (dual) has trivial second cohomology, this N — N bimodule isomorphism can 
actually be realized as an algebra isomorhism. In particular they showed that any 

3- supertransitive subfactor has trivial second cohomology. 

Ultimately this leads to a classification of noncommuting quadrilaterals whose ele- 
mentary subfactors are 2-supertransitive with trivial second cohomology into two ba- 
sic types: those which are not cocommuting ("cocommuting" means that the quadri- 
lateral of commutants is a commuting square) and have [M : P] = [P : N] , like the 
(2 + -\/2) 2 example, and those which are cocommuting and have [M : P] = [P : N] — 1, 
like the 63 example. The latter type is further subdivided according to the Galois 
group of iV C M, which must be a subgroup of & 3 . In the case that the elementary 
subfactors have index less than or equal to 4 we examine all the possibilities and 
arrive at the following result. 

Theorem 1.1. There are exactly seven noncommuting irreducible quadrilaterals of 
hyperfinite II\ factors whose elementary inclusions all have indices less than or equal 
to 4, up to conjugacy. 

If (Gn c p, Gp c m) are the principal graphs of the elementary subfactors, the possible 
configurations are: 
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(A 7 ,A 7 ), (E^,E^) 
(A 5 ,A 3 ) } (D 6 ,A 4 ), (i^Us), (Ei 1] ,D 4 ) 

(d£\a 3 ) 

The fully supertransitive cases are (A 7 ,A 7 ) 1 which is the (2 + \/2) 2 example, and 
(A 5 , A 3 ), which is the 63 example, and all other cases have some extra structure. The 
new examples include a noncocommuting quadrilateral whose elementary subfactors 
have index 4 {E 7 l \ E 7 ), a cocommuting quadrilateral whose indices are (3 + V5)/2 
and (5 + \/5)/2 (_D 6 , A4), and several cocommuting quadrilaterals arising from group 
actions. Note that any quadrilateral is either noncommuting, noncocommuting (and 
hence dual to a noncommuting quadrilateral), or else is both commuting and cocom- 
muting, in which case there is no obstruction to the choices of N C P and N C Q. 

It is also interesting to study such quadrilaterals with larger indices. In fact the 
exotic Haagerup subfactor appears as an elementary subfactor with maximal super- 
transitivity in both types of quadrilaterals and the Asaeda-Haagerup subfactor may 
appear as well. It is still unknown how many examples there are of the various types 
of quadrilaterals (although there is an infinite series of cocommuting quadrilaterals 
with 3-supertransitive elementary subfactors, coming from symmetric group actions.) 

Second cohomolgy also turns out to be closely related to angles. For a noncommut- 
ing quadrilateral with N C P and N <Z Q 2-supertransitive, there are at most two 
possibilities for the angle for each cohomolgy class of N C P (dual). In particular, 
if N C P is 3-supertransitive, the angle is always cos -1 1/([P : N] — 1). We also 
compute the angles in quadrilaterals arising from a-induction (which are identified 
with the GHJ pairs of [13]) and asymptotic inclusions, the former of which includes 
the forked Temperley-Lieb quadrilaterals of [12] . 

The paper is organized as follows: 

Section 2 sets forth the basic notation of quadrilaterals, sectors and Q-systems 
which are used throughout. We often deal with infinite factors since we are actually 
studying properties of the standard invariant. 

Section 3 studies the relationship between second cohomology for subfactors and 
angles. 

Section 4 proves that quadrilaterals whose elementary subfactors are 2-supertransitive 
with trivial second cohomology fall into the two basic types discussed above, and that 
for the cocommuting type the Galois group of the total inclusion is a subgroup of 63. 

Section 5 analyzes several classes of quadrilaterals according to the results of the 
previous section and for each class provides an example with maximal supertransi- 
tivity. 

Section 6 classifies all noncommuting irreducible quadrilaterals whose elementary 
subfactors have indices less than or equal to 4. 

Section 7 computes the angles for quadrilaterals coming from a-induction and 
asymptotic inclusions. 

The Appendix constructs a Q-system from a sector in the Haagerup principal graph 
and shows that it is unique, filling in a gap for one of the examples in Section 5. 
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2. Preliminaries 

We first fix notation used throughout this paper. We always assume that Hilbert 
spaces are separable and von Neumann algebras have separable preduals. 

2.1. Quadrilaterals. For an inclusion of Hi factors iV C M, the Jones index, the 
Jones projection, and the trace preserving conditional expectation onto A are de- 
noted by [M : A], and E N respectively [29]. We use the same symbols for an 
inclusion of properly infinite factors A C M considering a unique minimum condi- 
tional expectation [38], [15] . Although the Jones index [M : A] does not necessarily 
coincides with the minimum index for a Hi inclusion in general, no confusion arises 
as we always consider extremal inclusions throughout this paper. For a Hi factor, we 
denote by tr the unique normalize trace. For an inclusion of general factors A C M 
of finite index, we use the same symbol tr for the restriction of En to the relative 
commutant M n A'. 

Let A C M be an inclusion of factors of finite index with associated tower 

N = M | c M = M C Mi C M 2 C • • • , 

where M k+ i , k > is the von Neumann algebra on the standard space of M k gener- 
ated by M k and the Jones projection e k+ i = eM t _ r Each e k commutes with A, so 
{l,ei,..,efc} generates a *-subalgebra, which we will call TL fc+1 , of the k th relative 
commutant N' fl M k . The following definition first appeared in [32j. 

Definition 2.1. Call a finite-index subfactor A C M k-supertransitive (for k > 1) if 
N' fl M k -i = TL k . We will say iV C M is supertransitive if it is fc-supertransitive for 
all k. 

Note that iV C M is fc-supertransitive if and only if M C Mi is fc-supertransitive. 
Sano and Watatani [54] introduced the notion of angles between two subfactors. 

Definition 2.2. For two subfactors P and Q of a factor M, the set of angles 
Ang(P, Q) between P and Q is the spectrum of the angle operator of the two 
Jones projections ep and eg, that is, the spectrum of cos -1 ^JtptQtp — ep Aeg where 
epegep — ep Aeg is regarded as the operator acting on its support. 

Note that Ang(P, Q) = Ang(Q, P) always holds. 

P C M 

Definition 2.3. A quadrilateral of factors = U U is an inclusion of factors 

N c Q 

N C M of finite index with two intermediate subfactors P ^ Q such that P and Q 
generate M and P nQ = N. The subfactors N C P, A C Q, P C M, and Q C M 
are said to be the elementary subfactors for 0. When M fl N' = C, the quadrilateral 
is said to be irreducible. When E P commutes with Eg, the quadrilateral is 
said to be commuting. Let Mi = JmN'Jm, P = JmP'Jm, and Q = JmQ'Jm be the 
basic extensions of M by A, P, and Q respectively. Then P and Q are intermediate 

g c Mi 

subfactors between M C Mi, which form the cfataZ quadrilateral = U U . 

A C P 
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The quadrilateral is said to be cocommuting if is commuting. The quadrilateral 
is said to be (p, q)-supertransitive if P C M and Q C M are p-supertransitive and 

P C M 

N C P and N C Q are g-supertransitive. Two quadrilaterals = U U and 

N C Q 

P C M 

= U U are said to be conjugate if there exists an isomorphism ir from M 

N c Q 

onto M such that vr(P) = P and 7r(Q) = Q. The two quadrilateral and are 
said to be flip conjugate if either they are conjugate or there exists an isomorphism 
7T from M onto M such that tt(P) = Q and 7r(Q) = P. 

We denote by P C M the inclusion M C P and by iV C P the inclusion P C iV, 
where P C iV C P is the downward basic construction. Note that P is uniquely 
determined up to inner conjugacy in N. 
P C M 

When = U U is a non-commuting quadrilateral of subfactors such that 

N C Q 

N C P and N C Q are 2-supertransitive, the two projections ep and eq are of rank 
2 in Mi fl N' and ep A eg = e^. Thus Ang(P, Q) consists of at most one point, which 
will be denoted by 0(P, Q) if is non-commuting. 

The following lemma is essentially proved in [131 Proposition 3.2.11, Theorem 3.3.4] 
using Landau's result [4"T] : 

P C M 

Lemma 2.4. Let = U U be an irreducible cocommuting quadrilaterals of 

N c Q 

subfactors such that N C P and N C Q are 2-supertransitive. If [M : P] — [P : N] , 
the quadrilateral is commuting, and if [M : P] ^ [P : N], 

V ' W [M : P]([P : iV] - 1) 

We show an easy example of a noncommuting quadrilateral coming from a finite 
group action. For an automorphism group G of a factor R, we denote by R G the 
fixed point subalgebra of R under G. The next lemma follows from Lemma \2. 41 

Lemma 2.5. Let G be a finite group and H and K be subgroups of G such that the 
natural actions of G on G/H and G/K are 2-transitive. Assume that [G : H] — [G : 
K], [G : H] 7^ [H : H H K ] , and G acts on a factor R as an outer automorphism 

P C M 

group. We set M = R KnH , P = R H , Q = R K , and N = R G . Then = U U 

N C Q 

is an irreducible noncommuting and cocommuting quadrilateral of factors such that 
N C P and N C Q are 2-supertransitive. The angle between P and Q is given by 

[G : H]-[H : H HK] 



cos 2 9(P,Q) 



[H :Hr\K}{[G : H) -I) 
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Example 2.6. For a finite set F, we denote by &p the set of permutations of 
F and by 2lp the set of even permutations of F. Let F = {1,2, ••• , n}, F\ = 
{1, 2, • • • , n - 1}, and F 2 = {2, 3, • ■ • , n}. Then G = & Fo (G = Ql Fo ), H = & Fl 
(H = SIfJ, and K = &f 2 {K = 2lp 2 ) with n > 3 (n > 4) satisfies the assumption of 
Lemma E3]and Q(P,Q) = caT^l/fa - 1)). 

In p3] Jones and the first-named author obtained the following theorem: 

P C M 

Theorem 2.7. Let H = U U be an irreducible noncommuting quadrilateral 

N c Q 

of factors. If Q. is (6,6)-supertransitive, one of the following two occurs: 

(1) All the elementary subfactors of H are the A 7 subfactors and Q(P,Q) = 
cos -1 ( \/2 — 1). When M is the hyperfinite Hi factor, such a quadrilateral 
exists and is unique up to conjugacy. 

(2) [M : P] = [M : Q\ = 2, [P : N] = [Q : N] = 3, Q{P,Q) = vr/3, and the 
principal graphs of N C P and N C Q are A 5 . In this case, there exists an 
outer action of the symmetric group 63 of degree 3 on M such that N is the 
fixed point algebra of the action. When M is the hyperfinite II± factor, such 
a quadrilateral is unique up to conjugacy. 

In Section 4, we give a new proof of the above theorem, except for the existence, 
relaxing the assumption. The theorem still holds if we assume that £3 is (3,4)- 
supertransitive. 

2.2. Sectors. To compute the angle between P and Q, it is more convenient to work 
with properly infinite factors using sectors as we will see below. Thus we recall a few 
basic facts about sectors here. The reader is referred to [20] for details. Note that 
the structure of the intermediate subfactor lattice of an inclusion iV C M, including 
information of the angle, only depends on the standard invariant (or paragroup, 
plannar algebra) of iV C M. Every standard invariant realized in the type Hi case is 
also realized in the properly infinite case and vice versa. 

For the reason stated above, we always assume in the proofs that the subfactors 
involved are properly infinite though we state results for general quadrilaterals of 
factors. When we show uniqueness results, we need to deal with quadrilaterals of 
hyperfinite Hi factors. Since the classification theory of subfactors for the hyperfinite 
Hi factor and the hyperfinite Hqq factor is the same as far as strongly amenable 
subfactors are concerned [52], we may assume in the proofs that the factors involved 
are isomorphic to the hyperfinite 11^ factors in this case. 

Remark 2.8. When one discusses sectors, it is customary to assume that every factor 
involved is of type III. However the whole theory also works for general properly 
infinite factors. This is based on the following facts: (1) for an inclusion of properly 
infinite factors N C M, every non-zero projection in the relative commutant N' D 
M is an infinite projection in M, and (2) a properly infinite factor has a unique 
representation whose commutant is also properly infinite. 
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Let M and ./V be properly infinite factors. We denote by Mor(iV, M) the set of 
normal unital homomorphisms from N to M. For two morphisms p, o G Mor(iV, M), 
we denote by (p, cr) the set of intertwiners between p and a 

(p, a) = {v G M; vp(x) = a(x)v, Wx G iV}. 

When p is irreducible, that is M H p(N)' = C, the space (p, cr) is a Hilbert space with 
an inner product (vi,V2) = v\v\ for Vi,V2 G (p, cr). The two morphisms p and cr are 
said to be equivalent if there exists a unitary u G (p, cr). We denote by Sect(M, N) the 
quotient of Mor(iV, M) by this equivalence relation. We denote by [p] the equivalence 
class of p, which we call a sector. However, we often omit the quare bracket when 
no confusion arises. When M = N, we use the notation Mor(M, M) = End(M) and 
Sect (M,M) = Sect(M). 

For M — N bimodule X and p G Mor(L, N), we denote by X p the M — L bimodule 
defined by 

x-i-y = x£p(y), £ G X, x G M, y G L. 

For cr G Mor(L, M), we denote by CT X the L — N bimodule similarly defined. 

Let L 2 (M) be the standard Hilbert space of M, which is a M — M bimodule with 
x^y = xJmV* Jm^i where Jm is the modular conjugation. Then it is known that for 
every M — N bimodule X, there exists a unique sector [p] G Sect (M,N) such that 
X is equivalent to L 2 (M) p . With this correspondence, the relative tensor product of 
two bimodules is transformed into the composition of two morphisms. A direct sum 
of bimodules is easily translated into the sector language too (see [20]). 

We denote by Mor (X, M) the set of p G Mor(iV, M) whose image has finite 
index. For Mor (X, M), we denote by d(p) the square root of [M : p(N)], called 
the (statistical) dimension of p, which is multiplicative under composition of two 
sectors and is additive under direct sum. We use the notation Secto(M, N) etc. in 
an obvious sense. 

Corresponding to the complex conjugate bimodule of L 2 (M) p , the conjugate sector 
of p is defined. For p G Mor (iV, M), the (equivalence class of) conjugate morphism 
p G Mor (M,N) is characterized by existence of two isometries r p G (idjv, pp) and 
f p G (idjv;f,pp) satisfying the following equation 



d( P y ^ p > d( P y 

Throughout this paper, we fix such r p and f p for each p. When p is not self-conjugate, 
we can and do assume r p = f p . This is not the case for a self-conjugate p. In this 
case r*p{r p ) = ±l/d(p) holds and so r p = ±f p [42]. A self-conjugate endomorphism 
p is said to be real if r p = f p and said to be pseudo-real if r p = —f p . 

We set (f>p(x) = r*p{x)r p for x G X, which is called the standard left inverse of p. 
We denote by E p the minimum conditional expectation from M onto the image of p. 
Then we have E p = pcj) p . 

For an inclusion of properly infinite factors N C M of finite index, we denote 
by Lm,n the inclusion map Lm,n '■ N ^ M. Then the M — N bimodule X = 
mL 2 (M)n is nothing but L 2 (M)lm,n- Since mL 2 (Mi)m is isomorphic to X ®at X*, 
we have mL 2 (Mi)m — L 2 (M) iM n tw^. The endomorphism lm,n^m,n of M is called 
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the canonical endomorphism for iV C M. The endomorphism Lm,n^m,n of iV is 
called the dual canonical endomorphism, which is the canonical endomorphism for 
the inclusion Imjv 

(M) C N. 

We often use diagrams for computation of intertwiners. An intertwiner s G (p, err) 
is expressed by the diagram 

P 



a r 



For t G (er, \w) and u G (r, £77), the products £s G (p, pur) and cr(w)s G (p, cr^r?) are 
expressed as 



ct(m)s 



r 



\±V T 



For special operators 1 G (p, p), y/d(p)r p G (id, pp), and \/d(p)r* G (id, pp), we use 
the following diagrammatic expressions: 

P 



? p 



p p 

Then the equations d(p)f*p(r p ) = 1 and d(p)p(f*)r p = 1 are expressed as 




P 
P 




P 
P 



The following lemma holds (see [28l Section 3]): 

Theorem 2.9. Let N C M be an irreducible inclusion of properly infinite factors 
with finite index and let 

m 

[TmJ?Lm,n] = (J) rii [pi] 

be the irreducible decomposition, where rii is the multiplicity of pi in Lm,n^m,n- Then 

(1) rii < d(pi). 

(2) Let Hi = (l m ,n, i>M,NPi)- For si, s 2 G Hi, 



d(Pi) 



(3) dim 7-^ = rii. 
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(4) Let {s{i)j}Y=i be an orthonormal basis of Hi. Then x G M has the following 
unique expansion 

m m 

x = J2J2s(i)p(i)j 

i=0 j=l 

with coefficients x(i)j G N. The coefficients x(i)j is given by 

x(i)j = d(p i )E N (s(i) j x). 

The fourth statement above says that {a/ d(pi)s(i)*}ij is a Pimsner-Popa basis 
[EE]. The advantage of working on properly infinite factors is that we can choose 
each element of the basis from an intertwiner space, and so (4) is considered as a 
crossed product type decomposition. 

Let Ai be the linear span of {s*eiyt] s,t G Hi}. Then [28, Section 3] shows that 
Ai is a simple component of M fl N' and 

m 

M l n N ' = A i- 

i=0 

We can introduce a right action of Ai on Hi by 

v ■ (s*e N t) = -J—(v,s)t, 

which gives a ^-isomorphism from the opposite algebra of Ai onto M(Hi). Let e{i)jh = 
d{pi)s{i)*e^s{i)k. Then {e(i)jk}jk is a system of matrix unit of Ai. Let P be an 
intermediate subfactor and let = dim(ipjy, L PN pi). Then we may and do assume 
that {s(i)j}^.i is an orthonormal basis for Hid P = (tp,jv, ip t NPi)- 

Lemma 2.10. Let the notation be as above. Then 

(1) The restriction Ep\^. of Ep to Hi is the projection onto HiCiP = (ifyv, ^p,nPi)- 

(2) The Jones projection ep is expressed as 

m mi 

e P = X)X} e (*)#- 

i=0 j=l 

(3) Let Zi be the unit of A t . Then 

s ■ ZiCp = Ep(s), Vs G Hi- 

Proof. (1) Note that EpiHi) = Hi fl P = (tp,jv, ip^Npi) holds and Ep\y_i is an idem- 
potent. Thus it suffices to show that Ep^ is self-adjoint. For s, t G 7ii, we have 

(E P (s),t) = d( Pi )E N (E P (s)t*) = d( Pi )E N (Ep(E P (s)t*)) 
= d( Pi )E N (Ep(s)E P (t)*)) = (Ep(s),E P (t)), 

which shows the statement. 

(2) Let ip be a faithful normal state of M satisfying <p ■ E^ = ip. Then (1) and 
Theorem 12.91 (4) imply the following for x G M and the GNS cyclic and separating 
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m rii m rii 

^(EE*(0i*(0i)n = EE^w^om^ 

j=0 j=l i=0 3=1 

m rrii m m; 

EE*(0^(0in = E^E^i^w*)^ 

i=0 i=l i=0 j=l 

d(/Qf) y^t{i)*e N t{i)jxQ,. 

i=0 j=l 

This shows (2). (3) follows from (2). □ 

Remark 2.11. The above lemma gives a powerful method to compute the angle be- 
tween subfactors. Let Q be another intermediate subfactor of N C M. To compute 
the angle between P and Q, it suffices to compute the angle between two subspaces 
(ip,N,t<p,NPi) and (iQ,N,i<Q,NPi) °f (iM,N,iM,NPi) for those p { contained in T^l P)N 
and lq,nLq,n- Equivalently, it suffices to compute the spectrum of the restriction of 
E p Eq to (tp,AT, ip,NPi)- 

Remark 2.12. Even when the inclusion N C M is reducible, the angle Ang(P, Q) can 
be computed from E p Eq\^ p JVjtp as long as iV C P and N C Q are irreducible. 
Indeed we have M = P © ker Ep and 

m 

P = N(l P>N , L P)N pi). 

8=0 

Since E p EqE p preserves (tp,N, tp,NPi), it suffice to compute EpEq\^ Lp N)Lp NPi ) to ob- 
tain the eigenvalues of E p EqE p . 

3. Q-SYSTEMS AND ANGLES 

P C M 

When U U is an irreducible noncommuting quadrilateral of subfactors and 
N C Q 

N C P and N C Q are 2-supertransitive, it is observed in [TjH Lemma 4.2.1] that 
L 2 (P) and L 2 (Q) are equivalent as N — N bimodules, or in other words, tp,ivtp,jv is 
equivalent to Tq^nLq,n- Consequently, [P : AT] = [Q : N] and so [M : P] = [M : Q]. 
This follows from the fact that the two projections ep and tQ are equivalent in 
Mi n N f , which is identified with Eiad N L 2 (M) N . Let P and Q be subfactors of N 
such that P C N C P and Q C N C P are towers. It is known that under a 
certain situation, such as 3-supertransitivity of N C P and N C Q, the equivalence 
atL 2 (P)at = nL 2 (Q)n implies inner conjugacy of P and Q in N [27], [35] though it 
is not necessarily the case in general. 

To characterize the canonical endomorphism, Longo [43] introduced the notion of 
Q-systems. 

Definition 3.1. Let M. be a properly infinite factor and let 7 G Endo(-M). We say 
that (7, v, w) is a Q-system if the following three conditions are satisfied: 



vector f2 for <p\ 

epxfl = 
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(1) v G (id_M,7) an d w G (7,7 2 ) are isometries. 

(2) There exists a positive number d such that v*w = w*j(v) = 1/d. 

(3) ww = r y{w)w. 

Two Q-systems (7, v, w) and (7', v', w') are said to be equivalent if there exists a 
unitary u G (7,7') such that v' = uv and w' = wy(u)wu*. 

It is known that (3) is equivalent to ww* = j(w*)w under the assumption (1) and 
(2) [45], [27]. If 7 = era with a G Mor (Af,M) and v = f a G (id^,7), w = a{r a ) G 
a((id^j-,aa)) C (7,7 2 ), then (7, v,w) is a Q-system with d = d(a). The equivalence 
class of this Q-system only depends on the inner conjugacy class of c(J\f) in M.. 
Thus we say that (j,v,w) arises from cr(J\f) C A4. On the other hand, Longo [43] 
showed that any Q-system (j,v,w) arises from a subfactor J\f C M., determined by 
En{x) = w* r y{x)w, and equivalence of two Q-systems exactly corresponds to inner 
conjugacy of the corresponding two subfactors. 

Let Af C M. be an inclusion of properly infinite factors of finite index and let 
(7, v, w) be the Q-system arising from the inclusion. The second-named author and 
Kosaki [27] introduced the "second cohomology" H 2 (N C A4), which is always a 
finite set, by the equivalence classes of Q-systems (71,^1,^2) such that 7 and 71 
are equivalent. When M is the fixed point algebra of M. by an outer action of a 
finite group G, then we can identify H 2 (Af C M) with the second cohomology group 
H 2 (G,T). 

The following is [27, Lemma 6.1]. 

Lemma 3.2. Let M C M. be an irreducible inclusion of factors of finite index. If 
M C M. is 3-supertransitive, then H 2 {J\f C M.) is trivial. 

P C M 

When = U U is a noncommuting quadrilateral of subfactors and N C P 
N C Q 

and N C Q are 2-supertransitive, the two inclusions P C N and Q C N give 
equivalent canonical endomorphisms as we observed above. 

P C M 

Definition 3.3. Let = U U be an irreducible noncommuting quadrilateral 

N C Q 

of factors with 2-supertransitive N C P and N C Q. We denote by c(0) the class of 
the Q-system arising from Q C N in H 2 (N C P). 

The class c(0) is very much related to the angle Q(P,Q) and there are at most 
two possibilities for Q(P, Q) for a given class c(0) as we will see below. 
The following lemma is an easy consequence of the definition above: 

P C M 

Lemma 3.4. For an irreducible noncommuting quadrilateral = U U of 

N c Q 

factors with 2-supertransitive N C P and N C Q, the following three conditions are 
equivalent: 
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(1) The class c(0) G H 2 (N C P) is trivial. 

(2) The two subfactors P and Q are inner conjugate in N . 

(3) There exists an isomorphism tt : P — > Q of P onto Q such that the restriction 
7r[ at of n to N is the identity map. 

Since the Q-systems we encounter in this paper always have 7 decomposed into two 
irreducible components, we give a detailed description of the condition (3) of Defini- 
tion [3J] in this case. Let a G Endo(-M) be an irreducible endomorphism satisfying 
[idx] 7^ [cr] and let 7 = id^ © a. Note that for 7 to have a Q-system, the endo- 
morphism a must be self-conjugate. We fix isometries v G (idx,7) an d V\ G (a, 7), 
which means 7(0;) = + V\a{x)v We give a description of a Q-system of the 
form (7,t>,u>) in terms of an isometry in (a, a 2 ). It is easy to show that an isometry 
w G (7, 7 2 ) satisfying (2) of Definition 13.11 is of the following form and vice versa: 



v V\o-(y)v\ / d(a) . . „ d(a) — 1 , . „ 

y/d(<j) + 1 \Zd{a) + 1 V + 1 V d ( a > + 1 

where c is a complex number with |c| = 1 and s G (cr, cr 2 ) is an isometry. Passing from 
w to wy(u)wu* with u = t>t>* + cvivl (or redefining r CT ) if necessary, we may always 
assume c = 1 for a Q-system (y,v,w). We say that such a Q-system is normalized 
(with respect to (v,Vi,r a )). It is straightforward to show the following: 

Lemma 3.5. Let a, 7, v, and v\ be as above. If s G (cr, a 2 ) is an isometry satisfying 

(3.1) o-(s)r a = sr a , 

(3.2) y f d(a)r a + (d(a) - l)s 2 = y/d^a^) + (d(a) - l)tr(s)s, 

anc? w «s g«wen % 
(3.3) 



u vicr(v)v? / d(cr) Mcr) - 1 / \ * 
w = — . H . + \ / — ^ -i; 1 cni;i)r (T i; + a / — -v- l a[Vx)sv- [ , 

t/zen (7, u, w) «s a Q-system. Conversely, every normalized Q-system is of this form 
with an isometry s G (cr, a 2 ) satisfying (3.1) and (3.2). // s and s' are isometries in 
(cr, a 2 ) satisfyingly (3.1) and (3.2), the corresponding Q- systems are equivalent if and 
only if s — ±s'. 

Remark 3.6. When the Q-system (7, i>, iu) as above arises from a 3-supertransitive 
subfactor, we have dim(cr, a 2 ) = 1. If s, s' G (cr, cr 2 ) are isometries satisfying (3.1) 
and (3.2), there exists a complex number to of modulus 1 such that s' = us and (3.2) 
implies uj 2 = 1. This proves Lemma T3.2I again. 

We keep using the same notation as above and consider the case with an inclusion 
M. C A4\ such that 7 = u, v = 77, w — l(f t ) where 1 = lmi,m- We se ^ 
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which is an isometry in (i, La) thanks to Frobenius reciprocity (20J Proposition 2.2]. 
Then Theorem 12.91 (4) shows that for every x G Mi, we have 

x = Em{x) + d(a)EM(xt*)t. 

In particular, 

t 2 = E M {t 2 ) + d(a)E M (t 2 t*)t, 

t* = E M (t*) + d(a)E M (t* 2 )t = d(a)E M (t* 2 )t, 

where we use the fact E_M(t) G (id^,cr) = {0}. Therefore the *-algebra structure of 
A4\ is completely determined by £^(t 2 ) and i?^(t 2 t*), which can be computed in 
terms of the Q-system as follows: 

E M (t 2 ) = ^r:i{L{vl)nL(yl)f t ) n = ^fMOn)n 

-a{v 1 )v 1 wv 



d(a) ^d{a) 

3 

d(i) , *x * d(a) - 1 

- i a{v 1 )v 1 wv 1 = J s. 



E M (t 2 t*) = d }^ 3 r:t(t(v* 1 )f,L(v* 1 )f,f:i(v 1 ))r L = _^^ v *r( t ( v *)f t ) Vl 



cr 



v^) 3 K1J 1 1 V 

Lemma 3.7. Let the notation be as above. Then the following hold: 

t* = y/dj*)r* a t. 

Corollary 3.8. Let Ad be a properly infinite factor and let a G Endo(-M) be an 
irreducible self-conjugate endomorphism. If there exists a Q -system for id_A4©cr , then 
[a] is a real sector, that is, r a — f a . 

Proof. Using one of the above formulae, we get 



t = (t*)* = y/d(a){r*ty = ^fd(a)t*r a = d{<r)r*tr a = d(a)r* a a(r a )t, 
which shows ^*0"(r CT ) = l/d(a). □ 

Now we show how the class c(0) determines the angle between P and Q. Let 
P C M 

Q = U U be an irreducible quadrilateral of factors such that N C P and 

N c Q 

N C Q are 2-supertransitive. We assume that N L 2 (P) N and jyL 2 (Q) N are equivalent. 
We apply the above argument to the case where M. 1 = P , M. = N ', i = i PtN 
and 7 = u. We set P = l{P). We choose two isometries v = r b G (id, 7) and 
V\ G (cr, 7). Then we may assume that the Q-system (7, v,Wp = i(f t )) is normalized 
with respect to (v, Vi, r a ). By choosing an appropriate representative of the conjugate 
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sector of [iQ,jv]j we ma Y also assume 7 = lq,n l q,n-, v = r lQ N , and that the Q-system 
( , j,v,Wq = TQjf(f lQ N )) is normalized with respect to (v, Vi,r a ). By definition, the 
class c(0) is given by (7, v, wq) in H 2 (P C N). Let sp and sq be isometries in (a, a 2 ) 
corresponding to wp and wq through (3.3) respectively. We set 



= ^' ~d(a)~ Lp,N ,N ( Lp > N ' Lp > N(T ) 



/ d(a) + 1 / *\- \ 
£q = y ^73 — L Q,N[Vi)r LQiN e {iQ, N ,L QtN a), 

which are isometries. 

P C M 

Lemma 3.9. Lei = U U be an irreducible quadrilateral of factors such 

N c Q 

that N C P and N C Q are 2-supertransitive. If L 2 (P) and L 2 {Q) are equivalent as 
N — N bimodules, then 

(1) (tp,tq) satisfies the following quadratic equation: 

(2) (sp,Sq) and (ip, ^q) are real numbers. 
Proof. (1) Lemma T3.7I implies 

(2) Thanks to Lemma 12.101 we have Ep{to) = (tQ,tp)tp and Eg(tp) = (tp,tQ)tQ. 
Thus 

(tq, tp) 



En{pptQ) — E N (E P (tptQ)) = (tQ,t P )E N (tp) 
EN(t P t Q ) = E N (E Q (t P t Q )) = (t P ,t Q )E N (tQ) 



^/djc 



which shows that (tp,tQ) is real. This and (1) show that (sp,sq) is also real. □ 

Note that dim(tfyv, lp,n&) = dim^Q^, lq,n&) = 1 by Frobenius reciprocity. Thus 
Remark EHH shows cos 6(P,Q) = \(t P ',t Q )\.' 

P C M 

Theorem 3.10. Let = U U be an irreducible quadrilateral of factors such 

N c Q 

that N C P and N C Q are 2-supertransitive. If L 2 (P) and L 2 {Q) are equivalent as 
N — N bimodules, then 

(1) is not commuting. 
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(2) The angle Q(P,Q) is given by 

^(d(a)-iy(s P ,s Q )* + 4d(a) + (d(a) - 1) | (s P , s Q ) \ 



cos Q(P,Q) 



or 



2d(a) 

y/(d(a) - iy(s P) s Q y + Ad{a) - (d(a) - l)\(s P ,8 Q )\ 

2d(a) 



Proof. (1) If £2 were commuting, we would have (tp,tQ) = 0, which never occurs due 
to Lemma [3791 (1) ■ (2) follows from Lemma [3791 too. □ 

Note that \{sp, sq) \ is a numerical invariant of the class c(0). Therefore the above 
theorem says that there are only two possibilities of the angle Q(P, Q) given c(£2). 

P C M 

Corollary 3.11. Let £3 = U U be an irreducible noncommuting quadrilateral 

N c Q 

of factors such that N C P and N C Q are 2-supertransitive. Then 

<6(P,Q)< cos' 1 jpT^py - 

T/ie equality holds if and only if the class c(Q) E H 2 (P C N) is trivial. In particular, 
if N C P is 3-supertransitive, 

Q(P,Q) =cos- 1 1 



[P: N]-l 



Proof. Note that \(tp, to)\ = 1 never occurs since \(tp, tg)| = 1 would imply P = Q. 
The statement follows from 

1 < v/W-l^fe^+M.) - (d( ff ) - 1) | ( Sp , SQ ) | 



- 2d(a) 
where the quality holds if and only if (sp, Sq) — ±1. □ 

P C M 

Corollary 3.12. Let £} = U U be an irreducible noncommuting quadrilateral 

N c Q 

of factors such that N C P and N C Q are 2-supertransitive. If £2 is cocommuting, 
then 

[M : P] < [P : N] — 1. 

TTie equality holds if and only if the class c(0) G H 2 (P C iV) is trivial. In particular, 
if H is cocommuting and N C P is 3-supertransitive, 

[M : P] = [P : N] - 1. 

Proof. This follows from Lemma 12.41 and Lemma 13.111 □ 

Remark 3.13. There is an example of a quadrilateral fulfilling the assumption of 
Corollary 13.121 with non-trivial c(£2). Let g be a prime power and let F be a finite 
field with q elements. We set G = PSL(n, q) with n > 3, which naturally acts on the 
projective space PF n ~ l . It is known that this action is 2-transitive. We denote by 
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F n * the dual space of F n , on which G naturally acts too. Let {ej}" =1 be the canonical 
basis of F n and let {e*}" =1 be the dual basis of {e«}" =1 . Let H be the stabilizer of Fe± 
and let K be the stabilizer of Pe*. Then we have [G : H] = [G : K] = (q n - l)/(g- 1) 
and [fT:iZTlir] = [iiC:frnir] = g n-1 . Let £1 be the quadrilateral constructed by 
Lemma [2751 with these G, H, and i<T. Then [M : P] is strictly smaller than [P : N] — 1. 
In this case we have cos 6(P, Q) = g~™/ 2 . 

P C M 

Lemma 3.14. Let O. = U U be an irreducible noncommuting quadrilateral of 

N c Q 

factors such that N C P and N C Q are 2-supertransitive and H 2 (N C P) «s trivial. 
Let [ipjjyipjjy] = [idjv] © [c]- ^/ dim(t^ ) jv, Im,n&) — 2 and t/iere «s an intermediate 
subf actor N <Z R <Z M other than P and Q such that L 2 (R) is equivalent to L 2 (P) 
as N — N bimodules, then [P : N] = 3. 

Proof. Let ip and £q be as in Lemma [3791 We may and do assume (tp,tq) = l/d(a) 
by replacing iq with — £q if necessary. Assume that there exists an intermediate 
subfactor N C P C M other than P and Q such that L 2 (R) is equivalent to L 2 (P) 
as N — N bimodules. Then we may choose an isometry t G (lr,n, l,r,nO~) such that 
(t,t P ) = l/d(er), (t,t Q ) = e/d(cr) with e G {1, -1}, and Ptv^ 2 ) = l/yJd(o)r a . Since 
dim(tM,iV) l 'M,N a ) = 2, the intertwiner space (lm,n > l m,n (T ) is spanned by ip and i<g. 
Therefore, the first two equalities imply 

d(a) — e , s 

Since i is an isometry, we get 

1 " (t ' t} " Ka) 2 - l) 2 (tp + rfQ ' tp + €tQ) ~ (d(o-) 2 - I) 2 d(a) 



2(d(a) 



e 



d(a)(d(a) 2 - 1) 

If e = 1, we would have d(a) = 1, which contradicts dim(tM,AT) t>M,N&) — 2 and 
Theorem 12.91 (1). Therefore we get e = — 1 and d{o~) = 2, which means [P : N] — 
3. □ 

P c M 

Remark 3.15. Let = U U be an irreducible noncommuting quadrilateral of 

N c Q 

factors. Then there exists a contained both in tp t N L P,N an d in Tq^nLq,n so that the 
multiplicity of a in lm,n^m,n is a t least 2. Therefore cr is not an automorphism due 
to Theorem 12.91 (1). In particular, the subfactor iV C P is not the crossed product 
by a finite group action. 
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4. (2,2)-SUPERTRANSITIVE QUADRILATERALS 

P C M 

In what follows, for a non-commuting quadrilateral U U of properly infinite 

N c Q 

factors with 2-supertransitive elementary subfactors, we use the following notation: 
the symbols t, k, lq, and kq denote the inclusion maps 

l: N P, k:P^M, i Q : N ^ Q, k q :Q^M. 

Since u, u, etc are decomposed into two irreducible sectors, one of which is the 
identity sector, we choose representatives £,77 6 Endo(-P), £q,?7q G Endo(Q), £,£q G 
End (iV), and r},r)Q G Endo(M) satisfying 

[a] = [id P ] © [£], [kk] = [id P ] © [77], 
[^q] = [ id Q] © [6q]> = [idg] © fag], 

M = I^q] = [idiv] © [el, 
[««] = [id M ] © [fj], [k q kq\ = [id M ] © [fj Q ]. 

Note that neither £ nor £ is an automorphism (see Remark 13. 1 5j) . When N C P 
and N C Q are 3-supertransitive, the sectors £t and ^qLq are decomposed into two 
irreducible components and we use the following notation: 

&] = M©M, [^Q] = fo]e[*y. 

In this case, we also have 

In the same way, when PcM and Q C M are 3-supertransitive, we use the following 
notation: 

m = [«] © m, [ k qvq] = [ k q] © [«y, 

[fj K ] = [«] © [«/], [t)qKq] = [«q] © [Kg]. 

In the sequel we often use the techniques developed in [17]. For example, let p, a 
be irreducible endomorphisms of P associated with the inclusion N C P. Then p£ 
contains a if and only if either [p] = [a] or the distance between p and a in the dual 
principal graph of iV C P is two. When [p] 7^ [a], the multiplicity of a in p£ is the 
number of the paths from p to a. The multiplicity of p in p£ is YlT=i n i ~ 1 where 
[pi] = ©^n^Ti], is the irreducible decomposition of pi. In particular, the inclusion 
N C P is 3-supertransitive if and only if the multiplicity of £ in £ 2 is one. 

P C M 

Lemma 4.1. Let Q. = U U be an irreducible noncommuting quadrilateral of 

N c Q 

factors. We assume that H is (2,2)-supertransitive. Then 
(!)[£] t^M- 

(2) £ 2 contains 77. Consequently, the depth of N C P is at least 4- 
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Proof. (1) Since iV C M is irreducible, we have dim(/a, kl) = 1. Thus Frobenius 
reciprocity implies 

1 = dim(/a, kl) = (kk, ll) = (idp © 77, idp © £), 

which shows [£] ^ [rf\. 

(2) Since is noncommuting and 

L 2 (P) ^ L 2 (Q) ^ L\N) © L 2 (iV)|, 

as N — N bimodules, the N — N bimodule L 2 {M) contains L 2 (N)^ with multiplicity 
at least two. Thus 

2 < dim(iKK6, £) = dim(/tK, «,£z) = dim(KK, mm) — dim(re/«, a) 
= dim(id P © r/, £ © £ 2 ) = 1 + dim(r/, £ 2 ), 

which shows the statement. □ 

Remark 4.2. Using the above lemma, we give a short proof of Theorem 12.71 only 
assuming (4,4)-supertransitivity of (see Corollary 14.91 and Corollary 15.181 below for 
sharper results in this direction). Since iV C P is 4-supertransitive, Lemma 1431 shows 

K 2 ] = [idp] © [£] © fo]. 

If the principal graph is A 5 , rj is an automorphism and M is the crossed product 
P Z/2Z. Therefore the proof of [T8l Theorem 3.1] implies that there exists an 
outer action of 63 on M such that N is the fixed point algebra of the action. Assume 
now that the principal graph of N C M is not A 5 . Then we have dim(r]i, tjl) > 2. 
Frobenius reciprocity implies 

dim(?7 2 , £) = dim(r], r]£) = dim(ry, r/u) — dim(?7, 77) = dim(^i, T]l) — 1 

> 1. 

Since P C Mis 4-supertransitive, we get [rj 2 ] = [idp] © [77] © [£] . Therefore = d(r/) 
and d(0 2 = l+2d(0, which shows that [M : P] = [P : N] = 2+V% = 4cos 2 (7r/8) and 
all the elementary subfactors are the A? subfactor. Uniqueness of such a quadrilateral 
follows from Lemma 13721 and Lemma 13.141 as r/ is uniquely determined by iV C P (see 
Theorem 14.71 below for details). 

The following is one of the main results in this paper, which says that irre- 
ducible noncommuting (2,2)-supertransitive quadrilaterals with trivial cohomological 
obstruction are classified into four classes and one exceptional case. 

P C M 

Theorem 4.3. Let = U U be an irreducible noncommuting quadrilateral of 

N c Q 

factors. We assume that is (2,2)-supertransitive and the class c(0) G H 2 (N C P) 
is trivial. Then 

e(M,N) = cos-i [p: 1 N] _ i . 

Moreover, 
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(1) If is not cocommuting and the class c(0) in H 2 (P C M) is trivial, then 
[M : P] — [P : N]. In this case, there exists an outer automorphism a of 
P such that [tj] = [a£] = and £ 2 contains r\. [In consequence, the 
automorphism a is contained in £ 3 .) 

(2) If O. is cocommuting, then [M : P] — [P : N] — 1 and [£] = [Rkqtc], where 
it is an isomorphism from P to Q such that the restriction of it to N is the 
identity map. In this case, the Galois group 

Gal(M/N) = {6e Aut(M); 6(x) = x, Vx G N} 

is either trivial or isomorphic to Z/2Z ; Z/3Z ; or the symmetric group 63 of 
degree 3. 

IfGal(M/N) = {id M , 0} = Z/2Z, then 6 switches P andQ and [f] = [kBk]. 

If Gal(M/iV) = {id M ,0,6 2 } ^ Z/3Z, then either 6{P) = Q or 6{Q) = P 
holds and [£] = [k9k] = [r9 2 k]. 

If Gdl(M/N) = (S3, then N is the fixed point algebra of an outer action of 
63 on M and P and Q are the fixed point algebras of two different order two 
elements in 63. 

Proof. The angle between P and Q was already computed in Theorem 13.101 Lemma 
13.41 shows that since c(0) is trivial there exists an isomorphism n from P onto Q 
such that the restriction of n to iV is trivial. This means Lq = til. Thus kl = kqLq 
implies kl = kqttl and 

1 = dim(/u, kqttl) = dim(/at, Kqtt) = dim(/t, Kqtt) + dim(K£, kqtt) 
= dim(K, Kqtt) + dim(£, kkqtt). 

We claim [«] ^ [^qtt], and in consequence, claim that £ is contained in kkqtt. Indeed, 
if [k] = [kqtt] were the case, there would exist a unitary u in M such that x = un(x)u* 
holds for all x 6 P. In particular, the unitary u commutes with all x G iV and u is 
a scalar. However, this means P = Q, which is a contradiction. Therefore the claim 
holds. 

(1) Assume that is not cocommuting and the class c(0) in H 2 (P C M) is 
trivial. Then Lemma 13.41 applied to the dual quadrilateral implies that P and Q 
are inner conjugate in M and there exists a unitary v G M satisfying vQv* = P. 
We introduce an automorphism a of P by setting a(x) = vn(x)v* for x G P. This 
implies [not] = [hqtc] and so 

[kkq7t] = [kko\ = [a] © [rja]. 

Since £ is contained in Rkqti, either [£] = [a] or [£] = [arj\ holds. Note that [£] = [a] 
never occurs thanks to Remark 13.151 Thus we have [£] = [77a] and so [77] = [£a _1 ], 
which is equal to [a£] for ^ is self-conjugate. Since £ 2 contains r] and idp, we conclude 
that £ 3 contains a. 

(2) Assume that is cocommuting. Then Theorem 13.101 (1) applied to the dual 
quadrilateral implies that [kk] ^ [kqRq] and so 

dim(RKQir, Rkqtt) = dim(ftK, KqRq) = 1. 
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This shows that kkqtt is irreducible and [£] = [kkqtt], which implies 

[P:N]-1 = d(0 = d(K)d(K Q ) = [M:P}. 

(This is also shown in Corollary 13.121 with help of Lemma E31 though we don't need 
to use it here.) 

Note that the Galois group of the inclusion N C M is isomorphic to the set of 
1-dimensional sectors G contained in kllk. (Note that since N C M is irreducible, 
the multiplicity of any automorphism in kllk is at most one.) We assume that G is 
non-trivial now. Using [£] = [Rkqtt], we get 

[kllk] = [kR] © [«£«] = [id M ] © [fj] © [kRkqttR] 
= [id M ] © [77] © [kqkR] © [7)«q7Tk]. 

Assume that 77 is an automorphism. Then [M : P] = 2 and so [P : N] — 3. 
Since iV C P is 2-supertransitive, it is the A 5 subfactor. Therefore, the proof of [TH 
Theorem 3.1] shows that there exists a unique outer action of © 3 on M such that N 
is the fixed point algebra of the action. 

Assume that fj is not an automorphism. We claim that kqtiR contains an auto- 
morphism. By the assumption of non-triviality of Gal(M/iV), either kqttR or fjKQ7TR 
contains an automorphism. Assume that the latter contains an automorphism, say 
a. Then Frobenius reciprocity implies 

1 = dim(r)KQ7iR, a) = dim(KQ7iR, rja), 

and kqtiR contains fja. Since d(KQiiR) = d(f)a) + 1, we conclude that kqtiR contains 
an automorphism. 

Let 6 be an automorphism contained in kqttR. Then Frobenius reciprocity implies 
[0k] = [kqtt]. We may assume that 9k = kqtt holds by choosing an appropriate 
representative of [9]. Then 9{P) = Q and 9kl = kqtcl = kqLq = kl, which shows 
9 e Gal(M, N). Using [9k] = [k q tt], we get 

[kllk] = [id M ] © [fj] © [Okk] © [f]9KR] 

= [id M ] © [9] © [fj] © [9fj] © [fj9] © [f]9fj]. 

If f)9fj does not contain any automorphism, then Gal(M, N) = {idM, 9} — Z/2Z. 

Assume that 576*57 does contain an automorphism, say, (3. Then Frobenius reci- 
procity again implies [f)9] = [ftfj] (and [9fj] = [fj(3]), and 

[kllk] = [id M ] © [9] © [fj] © [9fj] © [f]9] © [I3rf]. 

Therefore 

G = {[id M ], [9]} U {[/37]} 7 eGal(A^(M))- 

Since [(3] E G, the group G 1 = {[7]} 7 eGai(M/r)(Af)) is a subgroup of G such that 
#G = 2 + Since #Gi divides #G, either d is trivial or #Gi = 2. If G x is 

trivial, we get Gal(M/iV) = {[id M ], [9], \j3]} = Z/3Z. 

Suppose that G x = {[id M ], [7]}. Then G = {[id M ],[0]M\Pi\} and \ d \ = W- 
This would imply [#77] = [757] = [77] and [77^77] = [fj 2 ] would contain [idjvf]. However, 
this means that kllR contain idj^ with multiplicity two, which is a contradiction. 
Therefore G\ is trivial. □ 
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P C M 

Corollary 4.4. Let O. = U U be a (3,3)-supertransitive irreducible quadrilat- 

N c Q 

eral of factors such that is neither commuting nor cocommuting. Then Q(P,Q) = 
cos^ 1 1/Q-P : N] — 1), [M : P] = [P : N] and there exists an outer automorphism a 
of P such that [rf\ = [a£] = [£a -1 ]. Moreover, 

(1) The automorphism a satisfies [a if] = [</]. 

(2) dim(Kt, m£) = 2. 

(3) The Galois group Gal(M/N) is either trivial or isomorphic to Z/2Z. It is 
isomorphic to Z/2Z if and only if the order of [a] is two. When Gal(M / N) = 
{id, 6}, the automorphism 6 switches P and Q. 

Proof. The first part follows from Lemma 13.21 and Theorem 14.31 

(1) Since a£ is contained in ifi, by Frobenius reciprocity t! is contained in a^i = 
ai® ai' . Since d(i') = d(i)(d(i) 2 — 2), the equality [if] = [at] would imply that N C P 
is the A 5 subfactor, which does not allow £ 2 to contain a£, and so [at'] = [t']. 

(2) Thanks to Lemma |4~T1 we have 

[IRki] = [tt] © [irji] = [idjv] © [i] © [ta^t] = [id N ] © [|] © [tat] © [tat'] 

= [idjv] © [|] © [tat] © [tt']. 

Frobenius reciprocity implies 

dim(tat, |) = dim(at, t^) = dim(at, t) + dim(at, t') = dim(at, t), 

where we use [at] ^ [i'] again. Since the Galois group of C P is trivial, we 
have dim(at, t) = and dim(tat, £) = 0. Since iV C P is 3-supertransitive, the 
endomorphism tt' contains ^ with multiplicity one and we get the statement. 

(3) The Galois group Gal(M/iV) is isomorphic to the set of 1 dimensional sectors 
contained in klik. By a similar computation as above, 

[klIk] = [kk] © [k£R] = [id M ] © [fj] © [n-qaR] = [id M ] © [fj] © [kok] © [n'ah]. 

Since the depth of P C M is at least 4 due to Lemma 14.11 the endomorphism fj is 
not an automorphism. If n'aR contained an automorphism 6, Frobenius reciprocity 
would imply [k'o] = [9k] and d(n) = rf(tc'), which is a contradiction. 

Assume that Gal(M/iV) is not trivial. Then naR contains an automorphism, say, 
6. Then Frobenius reciprocity implies [9k] = [ko\ and 

[id P ] © [a£] = [kk] = [a^Rna] = [id P ] © [a _1 a^a] = [id P ] © [{a]. 

Since [a^] = [£a -1 ], this shows that £ 2 contains a 2 . If a 2 were outer, we would have 
[a 2 t] = [t'] as t't would contain a 2 . However this contradicts d(i) ^ d(i'). Thus 
the order of [a] is two. This implies [9 2 k] = [tta 2 ] = [k]. Since the Galois group of 
P C M is trivial, we get [9 2 ] = [id^]- Let /3 be another automorphism contained 
in KaR. Then the above argument shows that [9k] = [/3k] and [P^Ok] = [k], which 
implies [[3- l 6] = [id M ]- Therefore Gal(M/JV) = Z/2Z. 
Assume now that the order of [a] is two. Then 

[(Ka)Ka\ = [a _1 (idp © rj)a] = [idp] © [a _1 ?7a] = [id P ] © [rj] = [kk]. 
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Since H 2 (P C M) is trivial, the subfactors ot~ l R(M) and k(M) are inner conjugate 
in P and so there exists an automorphism 9 of M such that [9k] = [ko] . Since the 
Galois group of k(M) C P is trivial, we have [ko] ^ [k] and 9 is outer. The same 
computation as above implies that [9] is contained in [kuk] and so G&\(M/N) is not 
trivial. 

The above argument shows that when Gal(M/iV) is isomorphic to Z/2Z, we have 
[9k] = [koz] = [kqh] and we can choose a representative 9 of [9] so that 9k = kqtx 
holds. Then 9(P) = Q and 9kl = kqiu = kqLq = kl, and so G&\(M/N) = {id, 9}. 

□ 

P c M 

Corollary 4.5. Let O. = U U fe an irreducible noncommuting quadrilat- 

N c Q 

eral of factors such that is (2,2)-supertransitive and the class c(0) is trivial. 
Assume that £3 is cocommuting and the Galois group Ga\(M/N) is isomorphic to 
Z/3Z. Then [M :P]> (5 + v/l3)/2 and is neither (4,2)-supertransttive nor (2,3)- 
supertransitive. If £3 is (3,2)-supertransitive, the dual principal graph (to be more 
precise, the induction-reduction graph for M — M and M — P bimodules) contains 
one of the graphs of the Haagerup subf actor. 

Proof. Let Gal(M/iV) = {id M ,9,9 2 = 9' 1 }. The proof of Theorem S3] shows that 
[9fj] = [f/d -1 ], the endomorphism fj 2 does not contain any non-trivial automorphism 
and 

[kuk] = [id M ] © [9] © [fj] © [9fj] © [9 2 fi] © [9 2 f) 2 ]. 
Note that [rj], [9rj], [9 2 fj] are distinct sectors. Since fj 2 contains fj, the endomorphism 
kuk contains 9 2 fj with multiplicity at least 2. Since [9kl] = [kl], the multiplicities of 
fj and 9fj in kuk are also at least 2, which implies f) 2 contains id^f © fj © 9fj © 6 ,2 r). 
This shows that P C M is not 4-supertransitive and d(fj) 2 > 1 +3d(r}), which implies 
[M : P] = l + d(f]) > (5 + v / 13)/2. Note that iV C P is 3-supertransitive if and only 
if dim(£,£ 2 ) = 1. Using [£] = we get 

dim(^,^ 2 ) = dim(/?^/t, k9kk9k) = dim(/?/?(9/?/?, 9kk9^) 

= dim((id A f © fj)9(id M © r?), ^(id A f © tj)9) 

= dim(9®9fj®9 2 fj®9 2 fj 2 ,9 2 ®fj) 

= dim(9 2 fj 2 ,9 2 ®fj) > 2, 

which shows that N C P is not 3-supertransitive. 

Assume that £3 is (3,2)-supertransitive. Then k'k contains fj ® 6fj ® 9 2 fj. and the 
dual principal graph of P C M contains the following graph, 

M - M id M fj Of] e 2 fj #2 



M-P k k 6k e 2 K 

which is one the principal graphs of the Haagerup subfactor [T]. 



□ 
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In Section 5 and in the Appendix, we will show that there exists a (3,2)-supertransitive 
quadrilateral of factors in the above class such that FcMis the Haagerup subfactor 
and that such a quadrilateral is unique up to flip conjugacy. 

P C M 

Corollary 4.6. Let H = U U be an irreducible noncommuting quadrilateral 

N C Q 

of factors. Assume thatO. is cocommuting and (2,3)-supertransitive. Then Q(P, Q) = 
cos" 1 1/([P : N] - 1), [M : P] = [P : N] - 1, and the Galois group Ga\(M/N) is 
either trivial or isomorphic to Z/2Z or ©3. Moreover, 

(1) Two equalities [tji] = and \lRkl] = [id M ] © [£] © [u f ] hold. In consequence, 
the endomorphism l'I contains r\ with multiplicity one and [i'i] = [77] © [r)£\. 

(2) dim(/a, kl£) = 2. 

(3) Assume that Gal(M/iV) is isomorphic to Z/2Z and Gal(M/iV) = {id M ,6»}. 
T/ien 

[kuk] = [id M ] © [9] © [rj\ © [0^] © [^] © [fj6fj], 
and dim(nuR, kllk) > 7. The sectors [rj], [9fj], [r)6], and [OfjO] are distinct. 
The endomorphism fj9fj contains 9fj9 with multiplicity one and it does not 
contain either any automorphism or any off], Of], f]0. The endomorphism ff 
does not contain any of Of], f]0 , OfjO. 

(4) The endomorphism £ 2 contains nr/gii and [nr/giu] = [t'\ holds. Assume that 

H 2 (P C M) is trivial. Then the Galois group Gal(M/iV) is trivial if and only 
if [rj] 7^ [TtrjQTi}. Assume further that Gal(M/iV) is trivial. Then the dual 
principal graph of N C P contains D 6 in such a way that every endpoint of 
D e is also an endpoint of the dual principal graph. 

(5) Assume that P C M is 3-supertransitive and Gal(M/iV) is trivial. Then 
Q C M is 3-supertransitive as well and 

[kuR] = [id M ] © [77] © 2[k q ttR\ © [kqRq] = [id M ] © [vq] © 2[kqttR\ © [k'k]. 

The sector [kqttR] is irreducible and self-conjugate and [k'\ = [kq7t] holds. 
Unless the principal graph of P C M is A4, the inequality dim(KOK, kllk) > 8 
holds. 

Proof. The first part follows from Lemma 13.41 Theorem 14.31 and Corollary 14.51 

(1) Let d = d{b) — [P : N] — 1. Then we have d{£) = d 2 - 1 and d{il) = d(d 2 - 2). 
On the other hand, we have ^(77) = [M : P] - 1 = [P : N] - 2 = d 2 - 2. Since rji 
contains l' and d{j]i) = d(i'), we get = [t']. 

(2) Using (1), we get 

[lRkl] = [u] © [Vqi] = [idjv] © [i] © [it/]. 

Since N C P is 3-supertransitive, li' contains £ with multiplicity one and dim(/a, ki£) = 
dim(iRKi, £) = 2. 

(3) The proof of Theorem 14.31 shows that fjOf] contain no automorphism, [Ok] = 
[kq-k], [£] = [ROk], and 

[kuk] = [id M ] © [0] © [f]] © [0f]\ © [fjO] © [fjOfj]. 
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If [Ofj] = [fj], we would have [fjOfj] = [fj 2 ], which contains id M - Thus [9fj] 7^ [fj]. In the 
same way, we get [1)9] 7^ [rj] and [Ofj] 7^ [OfjO] 7^ [576*]. If [fj] = [9fj9], we would have 

[kk] = [id M ] © [fj] = [idjw] © [OfjO] = [OkRO] = [k q htiRq\ = [k q Rq], 

which contradicts the assumption that H is cocommuting thanks to Theorem 13 .101 (1). 
Thus [77] 7^ [OfjO] and [Ofj] 7^ [fjO]. Since N C P is 3-supertransitive, we have 
dim(£,£ 2 ) = 1, and 

1 = dim(£,£ 2 ) = dim(R0K,R0KR0K) = divn^KKQ kk, kkQ) 
= dim((id M © fj)9(id M © fj), 9(id M © fj)9) 
= dim(6» ®0f]®fj9® fjOfj, id M © OfjO) 
= dim(fj9fj,9fj9), 

which means that fjOfj contains OfjO with multiplicity one. Since [Okl] = [kl], the 
multiplicities of fj, Ofj, fj9 and OfjO in kllk should be the same, which is the same as 
fjOfj contains OfjO with multiplicity one. Thus fjOfj does not contain any of fj, Ofj, fjO. 
Thanks to Frobenius reciprocity we conclude that fj 2 does not contain any of Ofj, fjO, 
0f]0. 

(4) Since [£] = [Rkqti] = [ttRqk], we have 

[£ 2 ] = [itRqKRKqh] = [ttRqKqTt] © [ft Kq^KqIt] , 

which contains 7trjQii. Since N C P is 3-supertransitive and TtrjQii (which is not 
equivalent to id) is contained in £ 2 , the morphism l'l contains nr/Qii and so TtrjQirt 
contains 1! . Since d{i') = d^rjQiri), we conclude [ftriQiu] = [t']. 

The proof of Theorem 14.31 shows that Ged(M/N) is non-trivial if and only if there 
exists and automorphism of M such that [Ok] = [kqtt]. Assume first that such 
an automorphism exists. Then [kk] = [ttRqKqtt] and [77] = [tyt]qii] holds. Assume 
conversely that [77] = [tt^qvt] holds. Then 

[kk] = [idp] © [77] = [7f(id Q © Tj Q )ir] = [tiR q kqtt]. 

Since H 2 (P C M) is trivial, the subfactors k(M) and ttRq(M) are inner conjugate in 
P and there exists an automorphism of M such that [Ok] = [kqtt]. Therefore the 
Galois group G&\(M/N) is trivial if and only if [77] 7^ [titiq-k]. 

Now we assume that Gal(M/iV) is trivial. Then the dual principal graph of N C P 
is as follows: 

P-P idp £ V nr]QTr 




P-N 1 l' 

which contains D e . 
(5) Since [77] ^ [tttjqtt] , 

dim^KQiiR, kqtiR) = dim(7f RqKqtt, kk) = dim(idp © TirjQir, idp © 77) = 1, 
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and kqttk, is irreducible. Since [£] = [Rkqw] is self-conjugate, 

1 = dim(KKQ7T, TTKqK) = dim(KQ7TK, K7TKq), 

and kqttk is self-conjugate. This and the proof of Theorem 14.31 imply 

[kllk] = [id M ] © [fj] © [kqkR] © [fjKQirR] = [id M ] © [fj] © [kqttk] © [^kt^Rq] 
= [id M ] © [fj] © 2[kq7t/«] © [k'ttkq]. 
On the other hand, replacing P by Q, we get 

[kllk] = [id M ] © [%] © [k Q 7tk] © [7)qKq7t«;]. 
Since [fj] ^ [t)q], the endomorphism tiqUqitR contains fj and 

1 < dim(f)QK Q iTR, ff) = dim(fj Q K Q TT J fjn) = dim(fi Q K Q iT, k © k'). 

If f]QKQTi contained k, we would have [fjq] = [kttRq], which contradicts d{fjo) ^ 
(1{kitRq). Therefore fjQKQir contains kqti and k', and so [fjQKQn] = [kq-k] © [k'] as we 
have d(f)QKQTr) = cI(kqit) + d(n'). This shows that Q C M is 3-supertransitive and 
[kq7t] = [«'], which finishes the proof. □ 

About uniqueness, we have the following: 

P C M P C M 

Theorem 4.7. Let = U U and £2 = U U be irreducible noncom- 

N c Q N c Q 

muting and noncocommuting quadrilaterals of factors such that and are (3,3)- 
supertransitive. Assume that there exists an isomorphism $ from P onto P such that 
$(iV) = N. If there exists no sector a contained in £ 2 such that [£] [a], [rf\ ^ [a], 
and d(o~) = d{rj), then and are conjugate. 

Proof. Since P C M and P C M are 3-supertransitive, H 2 (Pc~M) and P 2 (P C M) 
are trivial thanks to Lemma [3721 Note that we have [bp ftbp $] = [Qlp^lp^n® -1 ]- 
Therefore Lemma [47TI implies [l^ pi^ p] = [$6m,p'*m,p ( £ _1 ], which shows that $ ex- 
tends to an isomorphism \I/ from M onto M as H 2 (P C M) and H 2 (P C M) are 
trivial. Lemma 13.141 and Corollary 14.41 show ^f(Q) = Q. □ 

P C M P C M 

Theorem 4.8. Let = U U and = U U be irreducible non- 

N c Q N c Q 

commuting and cocommuting quadrilaterals of factors such that H 2 (P C M) and 

H 2 (P C M) are trivial and and are (2,3)-supertransitive. Assume that there 
exists an isomorphism $ from P onto P such that $(iV) = N . Then 

(1) If Gdl{M/N) = Z/2Z and r] is the only sector a contained in £ 2 such that 
[at] = [l 1 ], then and are conjugate. 

(2) IfGaX(M/N) and Gal(M/iV) are trivial and there exists only two sectors o 
contained in £ 2 suc/i that [at] = [l 1 ], then and are conjugate. 
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Proof. The proof of (1) is the same as that of Theorem 14.71 In (2), 

may occur instead of pi^ p\ = [^lm,p^m,p^~ 1 ]- In this case, the two quadrilater- 
als are flip conjugate. □ 

We can improve the assumption of Theorem 12.71 

P C M 

Corollary 4.9. Let = U U be an irreducible noncommuting quadrilateral 

N c Q 

of factors. Then 

(1) If £1 is not cocommuting and (3,4)-supertransitive, then all the elementary 
subfactors are isomorphic to A 7 subfactors. There exists a unique such quadri- 
lateral up to isomorphism when the factors are hyperfinite II\ factors. 

(2) If Q. is cocommuting and (2,4)-supertransitive, then there exists an outer ac- 
tion of ©3 on M such that N is the fixed point algebra of the action. There 
exists a unique such quadrilateral up to isomorphism when the factors are 
hyperfinite II\ factors. 

Proof. Since N C P is 4-supertransitive, we have [£ 2 ] = [idp] © [£] © [rj]. 

(1) Since is not cocommuting, there exists an automorphism 9 of P such that 
[77] = [9£] and so we get (i(£) 2 = 1 + 2<i(£). This shows that the principal graphs of 
N C P and P C Q are A 7 . The uniqueness follows from Theorem 14.71 

(2) Since £3 is cocommuting, we have [tjl] = [l'] and so the principal graph of 
N C P is A 5 . The rest of the proof has already been stated in Remark [4.21 except 
for uniqueness, which follows from the uniqueness of outer actions of finite groups by 
Jones [29] and the Galois correspondence. □ 



5. Classification I 

According to our discussions in the last section, we consider the following four 
classes of quadrilaterals £3 of factors. We assume that every quadrilateral = 
P C M 

U U of factors appearing in this section is irreducible and noncommuting. 

N c Q 

Class I: is noncocommuting and (3,3)-supertransitive. 

Class II: is cocommuting and (2,3)-supertransitive. The Galois group Gal(M/iV) 
is trivial. 

Class III: is cocommuting and (2,3)-supertransitive. The Galois group Gal(M/iV) 
is isomorphic to Z/2Z. 

Class IV: is cocommuting and (3,2)-supertransitive. The Class c(0) is trivial. The 
Galois group Gal(M/iV) is isomorphic to Z/3Z. 

For each class, we show that there exists an example of a quadrilateral and we seek 
an example with maximal supertransitivity. 
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We keep using the notation of sectors such as i, k, etc. as in the previous section, 
We often use explicit formulae of fusion rules of subfactors and the reader is refered 
to [32] for them. 

5.1. Class I. The structure of quadrilaterals in Class I is relatively easy to describe. 

Theorem 5.1. Let N C P be an irreducible 3-supertransitive inclusion of factors. 
Let i = Lp y N and let [ip,n^n] = [idp] © [£] and = [i] © [if] be the irreducible 
decomposition. Assume that there exists an outer automorphism a G Aut(P) such 
that [£] 7^ [a£] = and £ 2 contains a£. If idp © a£ has a Q-system, then there 

P C M 

exists a unique irreducible noncommuting quadrilateral H = U U in Class I 

N C Q 

such that [rj] = [a£]. 

Proof. Assume that there exists a Q-system for idp © a£. We claim that a Q-system 
with idpffia^ is unique up to equivalence. For this, it suffices to show dim(a£, (a£) 2 ) = 
1 thanks to Lemma l375l As in the proof of Corollary l4.5l we have [ai'] = [i 1 ], [ai] ^ [i], 
and d(i) ^ d(i'). Thus 

dim(a£, «) 2 ) = dim(af , £ 2 ) = dim(a£, £u) - dim«, f ) = dim(a^, ft) 
= dim(cu © ai', i © i') = 1, 

which shows the claim. The claim implies that there exists a unique factor M con- 
taining N such that [kk] = [idp]©[af] where k = Im,p- Since [f] ^ [af], the inclusion 
JVcMis irreducible. 

We next claim that nai is irreducible and [nai] = [m]. Indeed, we have 

dim(Kai, nai) = dim(Rna, ail) = dim(a © a£a, a © af) = 1, 

dim(«a<., kl) = dim(Rna, it) = dim(a © af a, idp © £) = 1, 

which show the claim. The claim shows that there exists a unitary v G M such that 
va(x)v* = x holds for every x G N. We set ir(y) = va(y)v* for y G P and set 
Q = 7r(P). By construction Q is an intermediate subfactor between N and M such 
that iq, n = tti, [Tq^nIq : n] = [ii], and [M : P] = [M : Q]. 

Suppose P = Q. Then n would be an automorphism of P, which satisfies [kit] = 
[kq\. Frobenius reciprocity implies that 7ra _1 is contained in Rk = idp © af and so 
[it] = [a]. Thus there exists a unitary u in P such that va(y)v* = ua(y)u* for all 
y G P and so u*v eP'flM = C. This shows that v G P and [ai] = [i], which is a 
contradiction. Therefore P ^ Q. 

Since N C P is 3-supertransitive, it has no intermediate subfactor and PnQ = N. 
Since dim(af, (af) 2 ) = 1, the inclusion P C M is 3-supertransitive too and M is 

P C M 

generated by P and Q. Therefore £1 = U U is an irreducible quadrilateral of 

N C Q 

factors. Theorem 13.101 (1) shows that is noncommuting. Since P and Q are inner 
conjugate in M, Theorem 13.101 (1) applied to the dual quadrilateral £3 shows that H 
is noncocommuting. □ 
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The above theorem shows that quadrilaterals in Class I is completely determined 
by the subf actor N C P and a. 

Jones and the first-named author p3] showed that there exists a unique quadrilat- 
eral of the hyperfinite Hi factors such that all the elementary subfactors are the the 
A 7 subfactor. It is easy to show that this is the only quadrilateral in Class I satis- 
fying [P : N] < 4. Other than this example, we know two subfactors satisfying the 
assumption of Theorem 15.11 namely, the Ej subfactor and the Haagerup subfactors. 

Let N C P be the E 7 subfactor. Then the dual principal graph is as follows: 

P-P id P £ £' ai a 




P-N l l' ai 

Note that the category of P — P bimodules for the E^ subfactor is isomorphic to 
the category 2I4 of the unitary representations of the alternating group 2l 4 . It is 
observed in [24, Corollary 4.2] that there exists an automorphism of the category SLj 
that flips the two representations corresponding to £ and a£. Thus idp ©a£ has a Q- 
system and gives rise to an irreducible noncommuting quadrilateral in Class I whose 
elementary subfactors are the E^ subfactor. Note that this quadrilateral satisfies 
the assumption of Theorem 14.71 and such a quadrilateral is unique. 

Since it is easy to see that no other subfactors of index less than or equal to 4 fit 
into the statement of Theorem 14.31 (1). we get the following: 

P C M 

Theorem 5.2. Let = U U be a quadrilateral of factors in Class I such 

N C Q 

that [M : P] < 4. Then one of the following two cases occurs: 

(1) The principal graphs of all the elementary subfactors are A 7 . 

(2) The principal graphs of all the elementary subfactors are Ej 1 ^. 

In each case, such a quadrilateral of hyperfinite II\ factors exists and is unique up to 
conjugacy. 

Let JV C P be the Haagerup subfactor [Tj. Since the Haagerup subfactor is not 
self-dual, we specify the dual principal graph (the induction-reduction graph of the 
P — P and P — N bimodules) as below. 

P-P idp f < a 2 ^ a a 2 




P-N l 1' ai a 2 L 

It is known that a 3 = idp and a£ = holds. Since idp © £ has a Q-system, 

so does a~ x (idp © £)a = idp © a£. Thus there exists an irreducible noncommuting 
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quadrilateral of factors in Class I whose elementary subfactors are the Haagerup 
subfactor. Although the quadrilateral arising from N (Z P does not satisfy the 
assumption of Theorem 14.71 we have [not] = [^q7t] and so [itr]Q7r] = [a^a^a] = [ct 2 £]. 
Thus the same proof of Theorem 14.81 (2) works and we can show uniqueness of such 
a quadrilateral up to flip conjugacy. 

We don't know if there are infinitely many mutually non-conjugate quadrilaterals 
of the hyperfinite Hi factors in Class I. 

5.2. Class II. The following two are the main theorems of this subsection: 

P C M 

Theorem 5.3. Let = U U be a quadrilateral of factors in Class II such 

N C Q 

that is (5,3)-supertransitive. Then 

(1) If is (6,3)-supertransitive, the principal graphs of P C M and Q C M are 

and those of N C P and N C Q are D 6 . 

(2) If is not (6,3)-supertransitive, the principal graphs of P C M and Q C M 
are E^ ] . 

In each case, such a quadrilateral of the hyperfinite II\ factors exists and is unique 
up to conjugacy. 

P C M 

Theorem 5.4. Let = U U be a quadrilateral of factors in Class II such 

N C Q 

that [M : P] < 4. Then one of the following holds: 

(1) The principal graphs of P C M and Q C M are A4 and those of N C P and 
N C Q are D 6 . Such a quadrilateral of the hyperfinite II\ factors exists and 
is unique up to conjugacy. 

(2) The principal graphs of P C M and Q C M are E e and the dual principal 
graphs of N C P and N C Q are as below. 

P-P id P £ r) TrrjQTr a £ a 




P - N l i' OiL 

Such a quadrilateral of the hyperfinite II\ factors exists. 
(3) The principal graphs of P C M and Q C M are E% . Such a quadrilateral of 
the hyperfinite II\ factors exists and is unique up to conjugacy. 

In the sequel, the dimension of the space (klIR, kuk) often gives important infor- 
mation about a quadrilateral and we give useful formulae about it first. 

P C M 

Lemma 5.5. Let = U U be an irreducible noncommuting quadrilateral of 

N c Q 

factors such that is cocommuting and (2,3)-supertransitive. Then i'l contains £ 
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and rj with multiplicity one, the equality [l'l] = [77] © [r)£] holds, and 

dim^KLlR, klIR) = 5 + dim(?7£, r]£). 
If moreover P C M is 3-supertransitive, then [r)£] = [£] © [R'kqtt] and 

dim(KUK, kllk) = 6 + d\va(R , KQ'K, R'kqtt) = 6 + dimfVfi;', kqRq). 
Proof. By Corollary 14.61 (1) and Frobenius reciprocity, we have 

dim(KLLK, kllk) = dim(jKKL, lRkl) = dim(idAr © £ © II', id^ © £ © It/) 
= 2 + 2 dim(t|, l') + dim(w', U 1 ) = 4 + dim(lt', a'). 

Since [tttt] = 2[Il] © [a'], the sector [it/] is self-conjugate, and so is [l'l] for a similar 
reason. Thus we get 

dim(w', ll') = dim(a', l'l) = dim(<. / Z', it) = dim(t't, l'l). 

The statement follows from Corollary 14.61 (1) now. □ 

In view of Corollary 14.61 (4). a canonical candidate of a quadrilateral in Class II 
with the smallest index is that with the D G subfactor for iV C P. 

P C M 

Proposition 5.6. Let H = U U be a quadrilateral in Class II or Class III 

N c Q 

such that the principal graph of P C M is A4. Then £3 is in Class II and the principal 
graph of N C P is D s . Such a quadrilateral of the hyperfinite II\ factors exists and 
is unique up to conjugacy. 

Proof. From Theorem[43l we see [P : N] = [M : P] + 1 = (5 + V§)/2 = 4 cos 2 (tt/10), 
which shows that the principal graph of iV C P is either A 9 or D 6 . Thanks to 
Theorem 12.71 the former never occurs. If were in Class III, Corollary 14.61 (3) would 
imply that f/Ofj does not contain any automorphism and it contains 6f)9. However, 
this contradicts d{fj6fj) — d(9r)8) = d{fj) 2 — d(rj) = 1 and is in Class II. 

In the case of the hyperfinite Hi factors, uniqueness up to flip conjugacy follows 
from Theorem 14.81 (2) and the uniqueness of the D$ subfactor. Let [£ 2 ] = [idp] © 
[£] © [£'] © [£"] be the irreducible decomposition of £ 2 . To prove uniqueness up to 
conjugacy, it suffices to show that there exists an automorphism a of P such that 
a(N) = N and [a^'a^ 1 ] = [£"] (see the proof of Theorem SSI (2)). It is shown in [34] 
that there exists an automorphism (3 of period two on the A 9 subfactor N C P such 
that 

(N C P) = (N Z/2Z C P X/3 Z/2Z). 

The dual action (5 of f3 acts on the higher relative commutants of N C P non-trivially. 
It is routine work to show that ft does the right job. 

Finally we show existence. Let N C M. be an inclusion of factors whose principal 
graph is D e . We use the following parameterization of sectors associated with Af C 



CLASSIFICATION OF NONCOMMUTING QUADRILATERALS OF FACTORS 31 

M. 

M - M idx p pi P2 




M-N v p 




M-M idAT (J\ a 2 

Recall the fusion rule for the _D 6 subfactors [TTl Proposition 3.10]: 

[p 2 ] = [id M ] © [p] © © [p 2 ], [p lP2 ] = [p 2 pi] = [p], 
[Pi] = [i<U<] © [pi], [pi] = [id M ] © [p 2 ], 

M = M = M = [wi] = M, 

where ^ = tx^. We can take representatives pi and p 2 satisfying p = pi// = p 2 z/. 
We set M = M, P = Pi(M), Q = p 2 {M), and N = p{AT) = p x {N) = p 2 (M). 
Then d( Pl ) = d(p 2 ) = (1 + y/E)/2, which means [M : P] = [M : Q] = 4cos 2 vr/5, 
and so the principal graphs of P C M and Q C M are A*. By construction, the 
principal graphs of iV C P and N C Q are _D 6 . Since p is irreducible, the inclusion 

P C M 

N C M is irreducible and £3 = U U is an irreducible quadrilateral. Since 

N c Q 

[pi] = [id M ] © [pi] and [p 2 ] = [id^] © [p 2 ], we have [l m ,pW^p\ = [id M ] © [pi] and 
[^m.q^m^q] = [idjvf] © [P2] , which implies that H is cocommuting. Therefore [M : P] 7^ 
[P : A/"] shows that the quadrilateral is not commuting. □ 

Remark 5.7. The above construction shows that the principal graph and the dual 
principal graph of N C M are the same, which can be easily computed from 

[pp] = [pi^Pi] = [pi(id M © p)pi] = [id M ] © [Pi] © [P2] © 2[p], 

M = \p 2 A = M © M = M © [/i 

[p 2 p] = [p 2 z/] = [i/j © \p 2 v\ = [v] © [p], 
[pp] = [ppxz/] = H © [p 2 z/] = [1/] © 2[p], 
[i//2] = [z/Ppi] = [pi] © [ppi] = [pi] © [p 2 ] © [p]. 
By symmetry of p and p, there exist two more intermediate subfactors L and R 
between N and M such that the principal graphs oflcM and R C M are D6 and 
those of iV C L and N C R are A4. Since lm,l^m,l arid lm,r^m,r are contained in 
pp, we see that they are equivalent to id^ © p. There is no intermediate subfactor 
other than P, Q, L, R. Indeed, if 5" is an intermediate subfactor, the endomorphism 
L M,s~tM\s is contained in pp. Computation of the indices [M : S] and [S : N] shows 
that all the possibilities of lm,s^m,s are exhausted by P,Q,L,R. Thus Lemma f3. 141 
applied to the dual quadrilateral implies the claim. 
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P C M 

Proposition 5.8. Let = U U be a quadrilateral in Class II or Class III 

N c Q 

such that the principal graph of P C M is A5. Then is in Class III and the 
principal graph of N C P is . When M is the hyperfinite II\ factor, such a 
quadrilateral exists and is unique up to conjugacy. 

Proof. Since the principal graph of P C M is A 5 , there exists an outer automorphism 
of period two a G Aut(P) such that [kt]] = [k] © [not]. Since [£] = [Rkqtt], we get 

[t}£] = [t]Rkq7t] = [kkqtc} © [aRKQir] = [£] © [a£]. 

Therefore Corollary 14.61 (1) shows that the dual principal graph of N C P is 

P — P idp £ 77 a£ 




P-N 

which is . Existence of such a quadrilateral follows from Example 12.61 with G = 
©{1,2,3,4} and uniqueness follows from Theorem 14.81 Corollary 14.61 (4) shows that H 
is in Class III. □ 

P C M 

Proposition 5.9. Let = U U be a quadrilateral in Class II or Class III 

N c Q 

such that the principal graph of P C M is E 6 . Then is in Class II and the dual 
principal graph of N C P is as in Theorem \5.J\ and [P : N] = 3 + a/3. There exists a 
quadrilateral of the hyperfinite II\ factors satisfying the above property, which arises 
from the GHJ pair [13] (see Example \7.10\) for E 6 with * given by the vertex with the 
smallest entry of the Perron- Frobenius eigenvector. 

Proof. From Theorem 331 we see [P : N] = [M : P] + 1 = 3 + \/3. We recall the 
fusion rule for the Eq subfactors [HI p. 968]: 

[r/ 2 ] = [idp] © [a] © 2 [77], [arj] = [rja] = [77], [a 2 ] = [id P ], 

[kt]\ = [k] © [k'\ © H, [kk'] = [77], 

[rf ] = [id M ] © [/3] © 2 [77], [^«] = [«] © [«'] © [/3k], 

with [/3k] = H, = a/2 + a/3, d(*f) = a/2, d(a) = d(J3) = 1, ^(77) = d(^) = 
1 + a/3, d(0 = 2 + a/3. 

From [£] = [kkq7t], we get [?/£] = [t/kkqtt] = [£] © [k'kqtt] © [a£]. Since 

dim(/t'/tQ7r, kkqtt) = dim(K / K / , kqSq) = dim(id M © /3, idAf © Vq) = 1> 

the endomorphism R'kq7T is irreducible, and Lemma T5.5I implies dim(KLlR, kllR) = 8. 
Suppose that is in Class III. Then thanks to Corollary 14.61 (3). we have 

[kuk] = [id M ] © [8] © [77] © [9rj] © [r)0] © 
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and f)9fj does not contain any other irreducible components above. Therefore we 
must have dim(f)9fi, fj9rj) = 3. However, 

dim(r/6 l i7, f)6f)) = dim(9f) 2 9, ff) = dim(id M © 9(39 © 29f}9, id M © (3 © 2rj) 
= l + dim(0/30,/3), 

which is a contradiction. Therefore H is in Class II. By Corollary 14.61 (4). we get 
[nrjQTi] = [k'kqtt] and the principal graph of N C P is as stated above. □ 

We exclude A 7 , D 6 , and E 8 for the principal graph of P C M. 

P C M 

Lemma 5.10. There exists no quadrilateral £} = U U in Class II or Class 

N C Q 

III such that the principal graph of P C M is A 7 . 

Proof. Suppose there exists such a quadrilateral H. Since P C M is the A 7 subfactor, 
there exist outer automorphisms a of P and (5 of M and such that 

[f] = [id M ] ®[fj\®\J3rj\, 

[k'k] = \rf\ © [arj\. 

Lemma [5751 shows [rj£\ = [^] © [k'kqtt]. 

Suppose that R'kqtt is irreducible. Then Lemma [5751 shows that dim(/«t/«i, klkl) = 
7. Since n'R is reducible, Corollary 14.61 (3) . (5) shows that the quadrilateral £3 should 
be in Class III and f\9f] is decomposed into two mutually inequivalent irreducibles, 
which implies 

2 = &m\{f]9f], rjOfj) = &m\(9fj 2 9, fj 2 ) = (id M © 9r)9 © 8/37)0, id M © r) © Pf)). 

Thus either [fj] = [9(3r)9}, [/3fj\ = [9f)9], or [(3r)} = [9/3f)9] should hold. However, if 
[fj] = [9/37)9], we would get [ff] = [fjr)] = [9f) 2 9], which is a contradiction. The same 
reasoning shows that the other two do not occur as well and we conclude that k'kqtt 
is reducible. 

Suppose that R'kqtt is reducible. Since any irreducible component ( of k'kqti is 
contained in l'l, Frobenius reciprocity shows that (i contains l'. On the other hand, 

[kkqitl] = [r'kqLq] = [kkl] = [t)l\ © [arji] = © [at 1 ]. 

This implies [t r ] = [at'] and that R'kqit is decomposed into two irreducibles, say, £i 
and (2 such that fat] = [Cat] = [</]. This shows [l'l] = [£] © [77] © [Ci] © [C2] and the set of 
P — P sectors appearing the dual principal graph of N C P is {[idp], [C], [rj], [Ci], [C2]}- 
However, since [at'] = [t'], the automorphism a appears in l'l', which is a contradic- 
tion. Therefore the statement is shown. □ 

P C M 

Lemma 5.11. There exists no quadrilateral = U U in Class II or Class 

N C Q 

III such that the principal graph of P C M is D 6 . 
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Proof. Suppose that H is such a quadrilateral. We first recall the fusion rule for the 
D 6 subfactor: 

[k'k] = [fj] © [fji] © [m], = [idjvf] © 2 [fj] © [fk] © [172], 

[f] = [id M ] © [77] © [t?i] © fe], 
[fj 2 ] = [id M ] © [771], [fj 2 ] 2 = [kl M ] © [77^2] = [tfcft] = [77], 

[viv] = ivvi] = [v\ © M, [viv] = [vm] = [fj] © [ml 

d(fj) = (3 + >/5)/2, tZ(^i) = d{fj 2 ) = (1 + >/5)/2. 

Lemma EE shows [7/£] = [£] © [k'kqtt]. We claim that k'kqtt is irreducible. Indeed, 

dim(/t'KQ7r, k'kqtc) = dime's', kqKq) = dim(id M © 217 © 7)1 © 172, idM © ?7q). 

Since is cocommuting, we have [fj] 7^ [7/q] and we get the claim. Lemma I5.5I and 
the claim implies that dim^nuR, kllk) = 7. Corollary I4.6I (3) . (5) shows that H is in 
Class III and dim(fj9fj,fi9fi) = 2, and so 

2 = dim(07f0, if) = dim(M M ® 0t)0 © 07^0 © 0t7 2 0, M M ® 77 © 771 © 772) 

= 1 + dim(077i0 © 07) 2 0, *7i 

If [077i0] = [7/2], we would have [9fj 2 9] = [171] too as the period of is two, which is a 
contradiction. Thus we may assume [07/10] = [771] and [07/20] 7^ [771], [772]. 

Since 7/07/ contains 07/0 with multiplicity one, there exists an irreducible ( G 
Endo(M) inequivalent to 9f]9 such that [77077] = [07)0] © [(]. We claim that [£] = [770772] 
holds. Indeed, we have 

dim(fj9fj 2 , 770772) = dim(7/ 2 , 9fj 2 9) = dim(idj^ © 77 © 171 © 172, id M © 0^20) = 1, 

which shows that 7/07/2 is irreducible. Since [07/0] 7^ [770772] and 

dim(7/07/, 7/07/2) = dim(7/ 2 , 07/27/0) = dim(idM © 77 © fji © f) 2) 07/10 © 07/0) = 1, 

we get the claim. Since 

[kllk] = [id M ] © [0] © [77] © [07/] © [r/0] © [07/0] © [C], 

and [9kl\ = [kl], we get [9(] = [Q. However, 

dim(7707/2, 07707/2) = dim(77077, 07/20) = dim(07/0 © C, M M © 07/20) = 0, 

which is a contradiction. Thus the statement is proven. □ 

P C M 

Lemma 5.12. There exists no quadrilateral O. = U U in Class II or Class 

N c Q 

III such that the principal graph of P C M is E 8 . 

Proof. Suppose that is such a quadrilateral. Since the E 8 factor is 4-supertransitive, 
there exists an irreducible fj' G End (M) such that [fj 2 ] = [Mm] © [77] © [fj']. Note that 
we have d{fj) 7^ ^(77') and 77 is the only irreducible sector a contained in fj' 2 (also in 
k'k') such that d(fj) = d(a) (see [TZ1 Section 3.3]). 
As before, we have [£77] = [£] © [k'kqtt] and 

dim(K'KQ7r, k'kqtt) = dim(K / K / , kqKq) = 1 + dim^'re', 7/ Q ) = 1. 
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Thus £} is in Class III and 

2 = dim(fjOfj, 176*17) = dhn(0f) 2 0, if) = dim(id M © OfjO © Ofj'O, id M ®f)®f)'), 

which shows [Or)' 9] = [r)']. However, this implies [9r)' 2 9] = [fj' 2 ], which contradicts 
[OfjO] 7^ [77] as fj' 2 contains r). □ 

We are ready to prove Theorem 15.31 now. 

Proof of Theorem \5.3[ Let be in Class II and (5,3)-supertransitive such that the 
principal graph of P C M is not A4. Corollary 14.61 (5) shows dim(/a/J/«, kllk) > 8 and 
Lemma [5751 shows dim(/t' Kqtt , R'kqti) > 2. Since the principal graph of P C M is not 
A 5 , the depth of P C M is at least 5. Thus we use the following parameterization of 
M — M, M — P, and P — P sectors arising from P C M. 

M-M id M V rf 




M - P k k' 




P-P idp V rf 

Corollary 14.61 (5) shows 

[kllk] = [id M ] © [fj] © [r) Q ] © [f)'] © 2[kqttk]. 

Since is cocommuting, [fj] 7^ [t)q]. Since the principal graph of P C M is neither 
A 5 nor Ay, we have g?(?7q) 7^ ^(77'), d^KQ-n) 7^ and oI^kq-k) 7^ cI(k"), Since 

dim(/«Q7r/«, 17') = dim(Kg7r, 17'/?) = dim(/€Q7r, «' © k") = 0, 

we get [kq7t«] 7^ [77']. Thus dim(/atK, kllk) = 8 and dim(R f kqti , R'kq-k) = 2. Thanks 
to Corollary 14.61 (4) . (5) . the endomorphism R'kqti is decomposed into TtrjQii and an 
irreducible endomorphism of P, say Since 

[k'kq7u] = [r'kl] = [tjl] © [rfi] = [l'[ © [^'i], 

and [nriQiu] = [l'], we get = [77' t], which contains t' as £' is contained in l'l. Thus 
Frobenius reciprocity implies 

1 = dim(i', rfi) = dimfVt, 77') = dim(£ © 77 © nr/QTc © 17'). 
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If [£] = [r]'}, we would have [£'/,] = [i] © [</] and by Frobenius reciprocity [£'] = [£], a 
contradiction. Thus [£'] = [r/']. 




P — N 



We claim [r/vrr/gTr] = [£] © [?/]. Thanks to Corollary 14.61 (5) . we know that kqttk is 
self-conjugate. Thus 

[£ 2 ] = [KkqttRkqtc] = [RktcRqKqtt} 

= [(id P © r/)(id P © Trr/Qvr)] = [id P ] © [77] © [tt^qtt] © [j^qtt], 

which shows the claim. 

Let [rfi] = [if] © ©* =1 J7ii[ii], and [til] = mi[rj'] © ®j =1 «"%[£.?] be the irreducible 
decompositions. We compute [t)£] in two ways: 

= [id P ] © [f] © [77] © Nqtt] © [77'] © [£] © [77] © [77'] 

© [e] © w © [tt^qtt] © Yl m2 i foi ® S m * m ^- foi 

i=l j=l i=l 

= [idp] © 3[£] © 3fo] © 2[vrr7 Q 7T] © (2 + £>?)[t/] © ]T 

8=1 j'=l j=l 

= W © © b? 2 ] © [v*vq*] © [W] 

= [r]} © [£] © [vrr/QTi] © [77'] © [id P ] © [77] © [77'] © [£] © [r/] © [r/r/'] 
= [idp] © 2[f] © 2[r/] © [ttt/qtt] © 3[r/'] © [r/r/']. 

This shows 

fc i k 

[r)T]'} = [f] © W © [vTr/QTr] © (^m 2 - l)[r/'] © 0X/"<"'^Cv 

8=1 jf=l i=l 

Since P C M is 5-supertransitive, the multiplicity of r/' in r/r/' is 1, which implies 
k = 2 and mi = m 2 = 1. This shows 

j 

[««"] = W] © [vrr/QTi] © [£] © 0(m y + m 2i )[£;] 

i=i 

and P C M cannot be 6-supertransitive. Frobenius reciprocity implies that K7fr/g7r 
and k£ contain k" with multiplicity one and 



K£] = [KKKQ-n} = [kqTt] © [fjKQTT] 
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On the other hand, the endomorphisms kvt^qvt and t]Kqtt are irreducible as we have 

dim(KTTr] Q iT , ktt^q-k) = dim(RKTTr] Q T[ , 7Tr]QTr) = dim^rjQTT © rjTrrjQir, fn] Q T() 

= dim(irr]QiT © £ © r/, tttiqit) = 1, 

dim(fjK Q TT, rjKQir) = dim(rf , k q R q ) = dim(id M © V © fj', id M © rj Q ) = 1, 

and so [/c"] = [K7r7/Q7r] = [fjKQir]. By induction, we can get d{rj) = d(K,) 2 — 1, 
d(K') = d(K)(d(K) 2 - 2), d(rf) = d(Kf - U(k 2 ) + 1, d{K") = d(K)(d(KY - 4d(«) 2 + 3). 
Therefore = d(«7T7)Q7r) implies d(/t) 4 - 5<i(fi;) 2 + 4 = and [M : P] = d(K 2 ) = 4. 

This shows that the principal graph of P C M is P§ . 

M-P K K' KTrriQTT KQTT 



P-P idp t? r?' 7rr/Q7r £ 

The above computation shows that £ is determined solely by the inclusion P C M. 
Since iV C P is 3-supertransitive, a Q-system for idp © £ is unique up to equivalence 
and so M is uniquely determined by P C M up to inner conjugacy in P. Therefore 
uniqueness of such a quadrilateral of the hyperfinite Hi factors up to conjugacy follows 
from Theorem 13. 14[ 

We show existence now. Let R be a factor and a be an outer action of the al- 
ternating group 2l 5 . We regard 2l 4 as a subgroup of 2l 5 and fix it. We choose two 
mutually inequivalent 2-dimensional irreducible projective unitary representations u\ 
and cr 2 . Since U\ and cr 2 carry a unique non-trivial element in H 2 (^i 5 ,T), we may 
assume that they have the same cocycle uj. Since 2I4 has a unique 2-dimensional 
irreducible projective unitary representation up to equivalence, we may assume that 
the restriction of o\ and that of <r 2 to 2I4 coincide. Let M 2 (C) be the 2 by 2 matrix 
algebra and let (3 g = a g (8)Ad<Ji(g) for g G 2l 5 , which is an action of 2l 5 on P©M 2 (C). 
We set 

N = (R ® C) 2l 4 C P = (P <g> C) 2l 5 C M = (P <g> M 2 (C)) 2l 5 . 

Then the principal graph of P C M is Pg 1 '* [HI p. 224], the inclusion iV C P is 
3-supertransitive [39], and it is routine work to show that N C M is irreducible. 
Let Ug — 1 ®a 2 (g)(Ji(g)*, which is a /3-cocycle, and let {A 9 } 5<E 2i 5 be the implementing 
unitary in M = (P®M 2 (C)) Xi^Sts. Since w 9 commutes with P®C, we can introduce 
a homomorphism 7r : P — > M by setting n(x) = x for x G P © C and 7r(A 9 ) = m 9 A 9 
for g G 2I5. We set Q = tt(P). The restriction of n to iV is the identity map because 
u g = 1 for g G 2I4. Since cj and cr 2 are not equivalent, there exists g G 2I5 \ 
such that m s is not a scalar, and so P ^ Q. Since 2l 4 is maximal in 2l 5 there is 
no intermediate subfactor between N C P. Since the principal graph of P C M 
is Pg^, there is no intermediate subfactor between P C M. Therefore we conclude 
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P C M 

that H = U U is a quadrilateral, which is noncommuting thanks to Theorem 

N c Q 

13.101 (1). Theorem 14.31 shows that is cocommuting as we have [M : P] — [P : N] — 1. 

To finish the proof, we show that the principal graph of Q C M is also E% . Since 
(N C Q) = (R Xq, 2t4 C i? x a Sts), the category of Q — Q bimodules arising from 
N C Q is equivalent to the unitary dual of 2I5. Lemma [47T1 shows that this category 
contains the category of Q — Q bimodules arising from Q C M. Since [M : Q] — 4, 
we conclude that the principal graph of Q C M is £7g . □ 

To prove Theorem 15.41 we have to exclude two more cases. 

P C M 

Proposition 5.13. Let Q = U U be a quadrilateral in Class II or III such 

N C Q 

that the principal graph of P C M is E? . Then £3 is in Class III. There exists a 
factor R and an outer action of G = & 5 on R with two maximal subgroups H ^ K 
of G such that M = R HnK , P = R H , Q = R K , and N = R G . Such a quadrilateral 
of the hyperfinite IR factors exists and is unique up to conjugacy. 

Proof. We use the following parameterization of M — M, M — P, and P — P sectors 
arising from P C M: 

M-M id M V fj' (3f) j3 




M - P k k' (5k = na 




The category of M — M bimodules and P — P bimodules arising from P C M are 
isomorphic to the unitary dual of © 4 , which gives the fusion rule of the above sectors. 
We have 



[v 2 ] 


= [idp] 


© [77] ( 




© H> 


W 2 ] = 


[idp] © 


[a] © [i 




[arj\ = 


[rja], 


w 


= [rfa] 


= W], 


[« 2 ] = 


[idp], 


m 


= [id M ] 


© [fj] i 






W 2 ] = 


[idjwf] 3 


) [(3} © [fj 




\ffl = 


mi 


w\ 


= m 


= ffl, 


[P 2 ] = 


[id M ], 



d(rj) = d(fj) = 3, d{i) = d(fj') = 2, d(a) = d((3) = I. 
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First we claim that k'kqtt is irreducible, which shows that is in Class III thanks 
to Corollary 14.61 (4) and Lemma 15751 Indeed, we have 

dim(R'K Q TT, k'kq-k) = dim(«V, kqRq) 

= dim(id M © (3 © 2fj © 2/3f) © fj', id M © fj Q ) 

= I + 2dim(P f),fj Q ), 

which shows that either [fify] ^ [fjq] and k'kqti is irreducible or [fir)] = [t/q] and k'kqtt 
is a direct sum of three irreducible distinct sectors. Suppose that the latter holds 
and [r'kqtt] = [£i] © [£2] © [£3]- Then £jt would contain if for each i — 1,2, 3. On the 
other hand, we have 

[k'kqitl] = [k'kl] = [t/l] © [ti'l] © [ar/i] = [t'] © [77't] © [at']. 

Since — 2, d(t) = v5, and d(t') = 3 a/5, this is impossible and we get the claim. 
Lemma \5. 51 and Corollary 14.61 (3) . (5) imply 

2 = dim(i)9f],fj9fj) = dim(fj 2 ,9fj 2 9) 

= dim(id M © V © V © f3f), id M © 9f)9 © 077'6> © 9[3f)9) 

= 1 + dim(i7, 0/5f)0) + dim((3fj, 07)0) + dim(/3^, 907)9) + dim(fj', 9f)'9). 

If [rj] = [9(3f)9], we would have [fj 2 ] = [f)f)] = [9fj 2 9], which is impossible. For the same 
reason, we get [f3fj] 7^ [9f)9], [f3fj] 7^ [9f3f]9] and so [fj'] = [9fj'9]. 

In [21], Corollary 4.8], the second-named author showed that there exists a factor 
R and an outer action n of (5 4 on such that M = R &3 and P = R &4 . Let 1/ = Lr,m- 
Then we have [vv] = [idjv/ ] © 2[cr] © [p] where d(a) = 2, d(p) = 1 and 

[a 2 ] = [id M ] © [p] © [a], [(pa] = [ap] = [a], [tp 2 ] = [id M ]. 

We claim that [fj'] = [a] and [(3] = [<p>] hold. Indeed, since d(fj) = 3 and fj 2 does 
not contain any non-trivial automorphism, [id&r], [tp], [a], [fj], and [pfj] are all distinct 
sectors. Since P C R is of depth 2 and [R : P] = 24, we get 

24 = dim(i/KKp, vkkv) = dim(vvKk, kkvv) 

= dim((id M © p © 2a)(id M © fj), (id M © r)){id M ®p® 2a)) 

= dim(id A/ ® p ® 2a ® fj ® pfj, id M ® p ® 2a ® fj ® fjp) 

+ 2 dim(id M © V 5 © 2a © 17 © ^17, fja) + 2 dim(ar), id M © P © 2a © fj ® fjp) 

+ 4 dim(ar), 17a) 

= 7 + dim(y9r), fjp) + 2 dim(a © pa ® 2a 2 , fj) + 2 dim(fj 2 , a) + 2 dim(pfj, fja) 
+ 2 dim(i7, a © ap © 2a 2 ) + 2 dim(a, fj 2 ) + 2 dim(ar), fjp) + 4 dim(a?7, 17a), 
which shows [pfj] = [fjp] and 

4 = 2 dim(a 2 , fj) + dim(f/ 2 , a) + d\m{fj 2 p, a) + dim(ar7, 77a) 

= 2 dim(r/ 2 , a) + dim{afj, fja) = 2 dim(id^f © f] ® fj ® fir), a) + dim(af), fja) 
= 2dim(fj',a) + dxm(afj,fja). 
If [fj'] / [a], we would have, 

dim(afj, afj) = dim(a 2 , fj 2 ) = dim(id © p © a, id © fj © fj' © /5r}) = 1, 
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which means that af] is irreducible. A similar argument shows that fja is irreducible 
too and dim (af), fja) is at most 1, which is a contradiction. Thus we get [a] = [fj'] 
and in consequence, the equality [(p] = [P] holds. 

Since £2 is in Class III, the principal graph of Q C M is £y too and we can apply 
the same argument to Q C M. Then there exists a factor R and an outer action of 
6 4 on R such that M = R &3 and Q = R &4 . Note that we have [9k] = [k q tt], which 
implies [t]q] = [9fj9] and 

[fj 2 Q ] = [id M ] © me] © [Off 9] © [6(37)6] = [id M ] © [vq] © W] © [9(3f)9]. 

Thus the above argument shows [l^ M t R m ] = [lr,m^r,m] ■ The second-named author 
and Kosaki [26, Theorem 3.3] showed that the cohomology H 2 (M C R) is identified 
with if 2 ((5 3 , T) introduced by Wassermann [55]. Since the order of 63 is square free, 
there is only one ergodic action of 63 on a 6-dimensional C*-algebra and the latter 
is trivial. Therefor we may assume R = R. We denote by fi Q the action of 64 on R 
whose fixed point algebra is Q. We set H = /ie 4 and K = /ig 4 . 

We claim that iV C R is irreducible. Indeed, we known that f)6f) is a direct sum of 
6f)6 and an irreducible, say £, with d(() = 6. Thus we have 

dim(z//u, vkl) = dim(i/z/, kllk) 

= dim(id M © P © 2f)', id M e 9 ® f) e 9f) © f)9 e 9f)9 © C) 
= l + dim(A^)- 

Since [flfj] = [f)(3], if [0] = [6], the endomorphism fjdfj would contain an automorphism, 
which contradicts Corollary 14.61 (3). Therefore the claim is shown. 

Let G be the group generated by H and K in Aut(i?). Then the fixed point algebra 
for R G is P fl Q = N and the action of G on R is outer for N C i? is irreducible. 
Since iV C P is 3-supertransitive, the action of G on G/H is 3-transitive. Therefore 
from [G : H] = [P : N] = [M : P] + 1 = 5, we conclude that G is isomorphic to ©5 
because any 3-transitive transforation group of the five point set is either 2I5 or 65. 
Uniqueness in the case of the hyperfinite Hi factors follows from Theorem 14.81 □ 

P C M 

Proposition 5.14. Let £3 = U U be a quadrilateral in Class II or III such 

N C Q 

that the principal graph of P C M is Eg . Then £3 is in Class III. There exists a 
factor R and an outer action of G = 2I5 on R with two maximal subgroups H 7^ K 
ofG such that M = R HnK , P = R H , Q = R K , and N = R G . Such a quadrilateral 
of the hyperfinite II± factors exists and is unique up to conjugacy. 

Proof. We employ the same strategy as in the proof of the previous proposition using 
2I4 instead of 64. Since the principal graph of P C M is Eq~\ there exists outer 
automorphisms of period 3 a G Aut(P) and j3 G Aut(M) such that 

[rf] = [id P ] © [a] © [a 2 ] © 2fo], [art] = [rja] = [rj], 



[f, 2 ] = [id*] © [P] © [P 2 ] ®2[f,l [Pfj] = [f)P] = [f,]. 
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M-M id M 77 p fp 




M - P k (3k = Ka (3 2 k = ko? 




P-P [dp V a a 2 

Since [M : Q] = 4, Theorem 15.31 and Proposition 15.131 show that the principal graph 
of Q C M is also E^\ Therefore there exists outer automorphism (3q G Aut(M) of 
period 3 such that 

[fj 2 Q ] = [id M ] © \J3q] © %] © 2[fj Q ], [PqVq] = [VqPq] = [Vq]- 

Since [kt)\ = [k] © [ko] © [ko 2 ], we have [t/£] = ^kkqtt] = [£] © [a£] © [a 2 £], and 
Lemma [5751 shows dim.(nuR, kuR) = 8. If is in Class III, Corollary 14.61 (3) implies 

3 = 6ha(f}9f}, fjOfj) = dim(f/ 2 , 9fj 2 9) 

= dim(id Af © © (3 2 © 277, id A f © ^ © © 29fj9), 

which shows either [0] = [/3q] or [/J] = [Pq]. Since the second cohomology of the 
cyclic group {id^t, P,P 2 } = 2I3 is trivial, a similar proof, using either [16] or [21] , as 
in the case of works . 

Suppose now that H is in Class II. (Note that since the cohomology of the E^ 
subfactor is not trivial, we cannot apply Corollary 14.61 (4) as before.) Corollary 14.61 (4) 
shows that TtrjQii is contained in £ 2 , which is 

it 2 ] = [idp] © [£] © [<] © [a 2 £] © [77], 

and so [77] = [7T t/qit} . The proof of Theorem 14.31 shows 

[KUK] = [id-Af] © [??] © [KQ7r«] © [77ACQ7TAC]. 

Since dim(ftQ7Tfi;, Kq7tR) = dim(7tRQKQ7i, Rk) = 2, the endomorphism kkRq is decom- 
posed two irreducible endomorphism, say p and a, neither of which is an automor- 
phism as we assumed that O. is in Class II. By Frobenius reciprocity, the morphisms 
pKQir and okq-k contain k with multiplicity one. Since 

[kttRqKqti] = [«(id © 77)] = 2[k] © © [/3 2 k], 

we may assume [pkqtc] = [k]®[(3k] and [ctkqtt] = [/«] © [/3 2 /«] . By Frobenius reciprocity 
again, the morphism /3kttRq contains p and the morphism P 2 ktiRq contains a, and so 
ktiRq contains (3 2 p and (3a. If [/3a] = [a], we also have [(3 2 p\ = [p] and so [PktiRq] = 
[kttRq]. However, this would imply 

2 = dim(PKnRQ, ktiRq) = dim^Ka^RQ, k^Rq) = dim(RKa,7tRQKQ7i) 
= dim(a © 77, idp © 77), 
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which is a contradiction. Thus we get [p] = [j3a] and d(o~) = 2 and 

[kuk] = [id M ] © [fj] © [a] © [/fo] © [f)a] © 
= [id M ] © [fj] © [a] © [pa] © 2 [770-]. 

Since d(a) = 2, the endomorphism fj 2 does not contain a and by Frobenius reciprocity 
fja does not contain fj. Therefore the multiplicity of fj in kuk is one, and so the 
multiplicity of fjQ is also one by symmetry. However, since d(fjo) = 3 and [fj] 7^ [vq], 
this is impossible. Therefore is in Class III. □ 

Now the proof of Theorem 15.41 follows from the above propositions, lemmas, and 
Theorem 15.31 

We don't know if there are infinitely many mutually non-conjugate quadrilaterals 
of the hyperfinite Hi factors in Class II. 

5.3. Class III. 

P C M 

Theorem 5.15. Let = U U be a quadrilateral of factors in Class III such 

N C Q 

that is (5,3)-supertransitive. Then 

(1) If O. is (6,3)-supertransitive, the principal graphs of P C M and Q C M are 
A 5 and those of N C P and N C Q are . 

(2) 7/0 is not (6,3)-supertransitive, the dual principal graph of P C M con- 
tains one of the principal graphs of the Asaeda-Haagerup subf actor [I], and 
in consequence [M : P] > (5 + y/Tf)/2. 

Proof. Assume that the principal graph of P C M is not A$. Since it is neither A3 
nor At, the depth of P C M is at least 5. We use the same symbols fj', k', k", and 
r]' for M — M, M — P, and P — P sectors arising from P C M as in the proof of 
Theorem 15.31 Corollary 14.61 (3) implies 

2 < dim(?70?7, f)9fj) = dim(id M © fj © fj', id M © 9rj9 © Of)' 6) = 1 + dim(fj', Ofj'O), 

which shows that [fj'] = [9fj'9] and the endomorphism f)9f) is a direct sum of 9f)9 and 
an irreducible endomorphism, which we call (. Therefore we have 

[kuk] = [id M ] © [9] © [fj] © [6fj] © [f/9] © [9fj9] © [(]. 

Since 9kl = kl, we have [9Q = [(9] = [(], which is also self-conjugate. 

We claim [Of}'] ^ [fj']. Suppose, on the contrary, that [Of}'] = [fj'] holds. Then 

[k'] © [«"] = [fj'K] = [Ofj'K] = [Ok'] © [Ok"]. 

If [Ok'] = [k"] , then the principal graph ofPcM would be A 9 and would commute 
with fj, which is a contradiction. Thus [Ok'] = [k'] holds. However, this implies 

[fj] © [fjf] = [k'k] = [Ok'k] = [Of}] © [Of}'] = [Ofj] © [ff], 

and [Ofj] = [fj], which is a contradiction again. Therefore the claim is proven. 
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Let [k"k] = [fj'] © ©™ = i^i[^j] be the irreducible decomposition. We compute f]9ff 
in two ways: 

[fj9fj)[fj] = [em] © [tv\ = m © m © [cv\ = m © tc] © m, 

[f)6][fi 2 ] = [f)6] © [176*77] © [f)6f)'} = [f)6] © [6>r)6>] © [(] © [vv'9] 

n 

= 2[fj9] © [Offi] © [fj'9] © [C] © rm[fji0\, 

i=l 

which implies 

n 

[(fj9] = [fj] © [Of)] © [fj'] © 0^]. 

i=l 

Since [0][Cr)0] — [C?)0] an d [0][??'] 7^ [t)'], we may assume that mi = 1, [9fj'] = [171] and 

n n 
i=2 i=2 

By Frobenius reciprocity, the endomorphism r^r) contains £ with multiplicity one. 
On the other hand, we have 

n n 

[fj'9fj] = [6fj'fj] = [9fj] © [07)1 © [77'] © 0mi[0r} 4 ] = [0r)] © [07)'] © [fj'] 0m i [ij i ]. 

i=2 i=2 

Corollary (3) shows [C] ^ [Ofj], and [Off] ^ [fj'] implies [C] ^ [f]'] : [Of}'] as [OQ = [(} 
holds. Thus we may assume that m 2 = 1 and [(] = [7)2]. This in particular shows 
that O. cannot be (6, 3)-supertransitive. 
Now we have 

n 

[(fj] = [fid] © [0t)0] © [fj'] © [9fj'] © [C] © 0miM, 

i=3 

and [£] 7^ [^0] for i > 3. Since the multiplicity of £ in (fj is one, there are exactly 
two vertices in the dual principal graph ofPcM connected to (, one of which is k". 
Therefore there exists an irreducible morphism k!" such that [£«] = [«"] © [n'"] with 
[k w ] 7^ [«"]. We claim [k'"] = [9t)9k] = [t)9k]. Indeed, computing dim(9fj9K,9fj9K), 
dim(r}0/t, t}0k), and dim(fj9n,9fj9K), we can show that 0t)0k and r}0K are irreducible 
and [07/0«;] = [fjOn]. Since 9t]9kk contains C with multiplicity one, Frobenius reci- 
procity implies that (k contains OfjOn. If [QfjOn] = [k"] we would have d(fj)d(K) = 
d(n"), which implies [M : P] = 4. Since P C M is 5-supertransitive, the principal 
graph of P C M should be However, since the M — M sectors arising from 

PcMis noncommutative, we get a contradiction. Therefore the claim is proven. 



44 PINHAS GROSSMAN AND MASAKI IZUMI 

The above computation shows that the dual principal graph is as follows. 
id M k V K > fj' K " drj' 9k' Of) Q K Q 



\ - 
\ 

\ 





0f)6* \fj6 

which contains one of the principal graphs of the Asaeda-Haagerup subfactor |Tj. □ 
Remark 5.16. We do not known whether there exists a (5,3)-supertransitive quadri- 




lateral of factors in Class III with [M : P] = (5 + vl7)/2. If such a quadrilateral of 
hyperfinite Hi factors exists, it must be unique up to conjugacy. Indeed, the above 
argument shows that the inclusion P C M must be Asaeda-Haagerup subfactor and 
£ = R6k is determined by P C M. Since N C P is 3-supsertransitive, a Q-system for 
idp © £ is unique up to equivalence and M is uniquely determined by P C M up to 
inner conjugacy in P. Since Q = 9(P), where the representative 6 of the sector [9] is 
chosen so that the restriction 9\ N is trivial, the quadrilateral is uniquely determined 
by P C M. For existence, the same criterion using a Q-system as in the case of 
the Haagerup subfactor below (Theorem 15.191) should work in principle, though it 
involves heavy computation in practice. 

Theorem 15.151 and the propositions and lemmas in the previous subsection imply 
the following theorem: 

P C M 

Theorem 5.17. Let H = U U be a quadrilateral of factors in Class III such 

N c Q 

that [M : P] < 4. Then one of the following holds: 

(1) The principal graphs of P C M and Q C M are A 5 and those of N C P and 
N C Q are . The quadrilateral is given by the construction in Example 

[EM With ©{1,2,3,4}- 

(2) The principal graphs of P C M and Q C M are E$ . The quadrilateral is 
given by the construction in Example \2. 6i with 2t{i,2,3,4,5}. 

(3) The principal graphs of P C M and Q C M are . The quadrilateral is 
given by the construction in Example \2.bA with ©{1,2,3,4,5}- 

In each case, such a quadrilateral of the hyperfinite II\ factors exists and is unique 
up to conjugacy. 

P c M 

Corollary 5.18. Let H = U U be an irreducible noncommuting (6,3)-supertransitive 

N c Q 

quadrilateral of factors. Then one of the following holds: 

(1) The principal graphs of P C M and Q C M are A3 and those of N C P and 
N CQ are A 5 . 
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(2) The principal graphs of P C M and Q C M are A4 and those of N C P and 
N CQ are D 6 . 

(3) The principal graphs of P C M and Q C M are A 5 and those of N C P and 
N CQ are 

(4) The principal graphs of P C M and Q C M are A 7 and those of N C P and 
N C Q are A 7 . 

In each case, such a quadrilateral of the hyperfinite II\ factors exists and is unique 
up to conjugacy. 

Thanks to Example 12.61 there are countably many mutually non-conjugate (3,3)- 
supertransitive quadrilaterals of the hyperfinite Hi factors in Class III. 

5.4. Class IV. 

P c M 

Theorem 5.19. There exists a quadrilateral of factors £1 = U U in Class 

„ N C Q 

IV with [M : P] = (3 + yl3)/2. Such a quadrilateral of the hyperfinite II\ factors is 

unique up to flip conjugacy. 

Proof. Let PcMbe the Haagerup subfactor whose principal graph and the dual 
principal graph are as follows. 

M-M id M n Of] B 2 t) g)2 



M - P 




P-P id P V if R6k 

It is known that 9 and 17 satisfies the following relation [T]: 

[# 3 ] = [id M ], [e-'v] = m, if] = [idM] © m © im © n. 

In the Appendix, we will show that there exists a unique Q-system for i&p@R6k up to 
equivalence. Therefore there exists a unique subfactor N of P up to inner conjugacy 
such that [u] = [idp] © [R9k], where t : iV <^-> P is the inclusion map. Since 

dim(/a, kl) = dim(/tK, u) = dim(idp © 77, idp © ROk) = 1, 

the inclusion N C M is irreducible. Since 

[kuk] = [kk] © [kkOkk] = [id M ] © [v] © [(id M © f))9(id M © r))] 
= [id M ] © [fj] © [0] © [0?)] © [0 2 r?] © [6> 2 77 2 ] 
= [id M ] © [0] © [9 2 ] © 2 [77] © 2[0?7] © 2[0 2 /7], 



46 PINHAS GROSSMAN AND MASAKI IZUMI 

we can take representative 6 of the sector [6] such that Okl = kl. Then 6 3 is an inner 
automorphism satisfying 9 3 m = kl and so 9 3 = id^ as N C M is irreducible. We 
set Q = 0(P). Using a similar argument as in the proof of Theorem 15.11 we can 
P C M 

show that U U is the desired quadrilateral. Uniqueness up to flip conjugacy 
N c Q 

follows from uniqueness of the Q-system for id © k9k. □ 

We do not know if there exists a quadrilateral of the hyperfinite Hi factors in Class 
IV different from the above example. 

6. Classification II 

P c M 

Theorem 6.1. Let H = U U be an irreducible noncommuting quadrilateral 

N C Q 

of factors such that the indices of all the elementary sub factors are less than or equal 
to 4- Then one of the following occurs: 

(1) The principal graphs of P C M and Q C M are A 3 and those of N C P and 
N C Q are A 5 . In this case N is the fixed point algebra of an outer action of 
the symmetric group ©3 on M. 

(2) The principal graphs of P C M and Q C M are A 4 and those of N C P and 
N CQ are D 6 . 

(3) The principal graphs of all the elementary subf actors are Aj. 

(4) The principal graphs of P C M and Q C M are A 3 and those of N C P and 
N C Q are Dq 1 . In this case N is the fixed point algebra of an outer action 
of the dihedral group Ds of order 8 on M. 

(5) The principal graphs of P C M and Q C M are D 4 and those of N C P and 
N C Q are . In this case N is the fixed point algebra of an outer action 
of the alternating group 2I4 on M. 

(6) The principal graphs of P C M and Q C M are A 5 and those of N C P and 
N C Q are E^p . In this case the quadrilateral is given by the constructions 
in Example 1 2. 6i with ©{1,2,3,4}- 

(7) The principal graphs of all the elementary subf actors are Ej 1 ^. 

In each case, such a quadrilateral of the hyperfinite II\ factors is unique up to conju- 
gacy. 

We use the symbols 1 = t^jy, iq = lq,n, k = <>m,Pi k q — l m,q- When iV C P is 
2-supertransitive, we also use the symbols £ and £ as in Section 4. 

P C M 

Lemma 6.2. Let = U U be an irreducible noncommuting quadrilateral of 

N c Q 

factors such that the indices of all the elementary subf actors are less than or equal to 
4- Then 

(1) The principal graph of N C P is neither A3, D4 nor D± , 
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(2) // the principal graph of N C P is Eq , then that of P C M is D±, There 
exists an outer action action of the alternating group 2l 4 on M such that N 
is the fixed point algebra of the action. 

(3) // the principal graph of N C P is Dn \ then n = 6 and the principal graph of 
P C M is A 3 . There exists an outer action action of the dihedral group Q$ 
of order 8 on M such that N is the fixed point algebra of the action. 

(4) IfNcP and N C Q are 2-supertransitive, then the principal graph of P C M 
is not Dn^ . 

Proof. (1) follows from Remark 13 .151 

(2) Since the principal graph of iV C P is Eq 1 , there exists an outer automorphism 
a G Aut(P) of order 3 such that 

it 2 } = [idp]©[a]©[a 2 ]©2[£]. 

The proof of Lemma [47T1 shows that dim(KK, £) = and 

2 < dim(KK, £ 2 ) = dim(KK, idp © a © a 2 ). 

Therefore kk contains a and so the principal graph of P C M is D A . The rest of the 
statement follows from [16], [2T] . 

(3) Thanks to (1), the number n is at least 5 and we have irreducible decomposition 

[u] = [idp] © [a] © [£], [u] © [r] © [|], 

where d(£) = d(£) = 2 and a G Aut(P) and r G Aut(iV) are outer automorphisms 
of order 2 satisfying [a£] = [^], [r^] = [^]. Since [/cir] = the crossed product 
x T Z/2Z is identified with the intermediate subfactor of N C P generated by A^ 
and a unitary u G M satisfying uxu* = t(x) for all x G N. If IqLq contained r 
as well, the two inclusions N C P and N C Q would have a common intermediate 
subfactor A^ x rZ/2Z, which is a contradiction as we have P PI Q = N . Since is 
noncommuting LqLq must contain £ and the principal graph of A^ C Q is either y4 5 
or Dm with m > 5. 

Assume that the principal graph of A^ C Q is D™ . Then we have the irreducible 
decomposition [TqIq] = [idjy] © [tq] © [£] such that [tq] ^ [r] and tq is contained 
in £ 2 . If n were not equal to 6, the endomorphism £ 2 would contain exactly two 
automorphisms idp and r, which would imply [r] = [tq], a contradiction. Thus we 
get n = m = 6 and [£ 2 ] = [idjv] © [r] © [tq] © [r'], where r' is an automorphisms of N. 
It is known that there are 4 different subfactors with the principal graph [25] . 
We show that the only one case among them is possible. 

Since the dual principal graph of A^ C P is also D$ , we have [£ 2 ] = [id] © [a] © 
[«i] © [a 2 ] where a\ and Q!2 are automorphisms of P. The proof of Lemma I4~T1 shows 

2 < dim(i/t/a, £) = 1 + dim(/tK, «i © a^) ■ 

If kk contained both a.\ and «2, it would contain a too, which contradicts irreducibil- 
ity oi N C M. Thus we may assume that kk contains only a±, whose period must be 
two in consequence. Therefore either [M : P] = 2 or the principal graph of P C M is 
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Dl >. Let L = P x Ql Z/2Z, which is regarded as an intermediate subfactor of P and 
M. Then it is known [26] Chapter 8] that iV C L is given by the fixed point algebra 
of an outer action of either ®$ or the Kac-Paljutkin algebra on L and 

[l*<tl] = [id N ] © [r] © [r Q ] © [/] © 2[|], 

where we set a = ll,p. We claim that Q is an intermediate subfactor of iV C L. 
Since d(£) = 2, Theorem 12.91 (1) shows that the multiplicity of £ in lkkl is two and 
lkkl contains automorphisms with multiplicity at most one. On the other hand, the 
endomorphism TqLq is contained in Zacrt, and so [28j Theorem 3.9] shows the claim. 
Since £3 is a quadrilateral we get M = L. Since [M : P] = [M : Q] = 2, there exist 
period two automorphisms (3,(3i G Aut(M) such that P = M 13 and Q = M 131 . If 
N C M were given by the Kac-Paljutkin algebra, we would have 

[kllk] = [id M ] © [&] © \{3 2 ] © [fafo] © 2[p], 

with d(p) = 2, and the two automorphisms /3\ and would generate a group G of 
order 4 in Aut(M). However, this means PnQ = M° ^ N, which is a contradiction. 
Therefore N is the fixed point algebra of an outer action of 2) 8 - 

Now we assume that the principal graph of iV C P is A 5 and we show that £3 
would be commuting, which contradicts the assumption. Since [M : P][P : N] = 
[M :Q}[Q: N] we have [M : P] = 3 and [M : Q] = 4. In this case, we have 

[ZqLq] = [id N ] © [£}, [l Q Lq] = [id Q ] © [fo], 

[| 2 ] = [id^] © [r] © [|], [r 2 ] = [id M ], [r£] = [£r] = [£], 
[Zq] = Mq] © [<*q] © M, Wq] = [id Q ], [a Q i Q ] = [i Q a Q ] = [&,]. 
As in [HI Lemma 3.2], we can choose representatives of [olq] and [r] such that Oq = 
id Q , r 2 = idjy, and = l q t hold. 

We claim [kqo;q] = [acq]. Indeed, since aca, = kqLq and [lt] = [t], we have 
[ K Q a Q L Q\ = [ K Q L Q T ] = [kq^q] and 

1 = dim(K Q a Q iQ, k q l q ) = dim(n Q a Q , k q l q lq) = dim(K Q a Q , k q © k q ^ q ). 

Since we have 

dim(K Q a Q , k q £ q ) = dim(K Q , K Q £ Q a Q ) = dim(/t Q , k q £ q ) = dim(R Q K Q , £ Q ) = 0, 
we get the claim. 

The claim implies that we can regard L := Q x QQ Z/2Z as an intermediate subfactor 
of Q C M. On the other hand, we can regard R := iV x T Z/2Z as an intermediate 
subfactor of N C P. Since we have oq^q = lqt, we have the inclusion R C L. 
Moreover [HI Theorem 3.1] shows that iV is the fixed point algebra of an outer 

R C L 

action of 63 on L. In particular U U is a commuting square as we have 

N C Q 

[L : R] = 3 and \L : Q] = 2. By Galois correspondence, the subfactor R is the fixed 
point subalgebra of L under a subgroup of ©3 isomorphic to Z/3Z, and by duality, 
there exists an order three outer automorphism (3 G Aut(-R) such that L = RxipZ,/3Z,. 
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Since [P : R] — 2, there exits an order two automorphism <p £ Aut(-R) such that 
P = R x v Z/2Z. Since im,r^m,r contains </? and /3 and [M : i?] = 6, we have 
M = N x T, where T is the group generated by [<p] and [f3], whose order must be 
P C M 

6. In particular U U is a commuting square. Therefore we have EqEp = 
R C L 

EqElEp = EqEr = En, which shows that is commuting, a contradiction. Thus 
the statement is proven. 

(4) Suppose that N C P and N C Q are 2-supertransitive and the principal 
graph of P C M is D„ 1 . If were cocommuting, Corollary 13.121 would imply 
4 = [M : P] < [P : N] — 1 which is a contradiction. If were noncocommuting, 
the statement (3) applied to the dual quadrilateral would imply M = N x D 8 . 
However, this shows that is commuting and we get a contradiction. Therefore the 
lemma is proven. □ 

Proof of Theorem \6.1i Assume first that N C P and N C Q are 2-supertransitive. 
Then Lemma 16121 (4) shows that P C M is either 2-supertransitive or M = P X G 
where G is a finite abelian group of order 2,3, or 4. If the latter occurs, then the 
proof of Lemma 14.11 implies that £ 2 contains a non-trivial automorphism, and so 
the principal graph is either A 5 , E G , or E^\ Applying Lemma [672l (1) to the dual 
quadrilateral 0, we see that is cocommuting. Since the E e subfactor has trivial 
second cohomology, Corollary l3.12l implies that E 6 never occurs. For the same reason, 
we have [M : P] = [P : N] — 1 = 2 for A 5 and we get case (1) from Theorem 12.71 For 
Eq X \ we get case (5) from Lemma l6T2l (2). If P C M and Q C M are 2-supertransitive, 
either Theorem 14.31 or Lemma [621 (2) is applied and we get cases (1),(2),(3),(6), and 
(7) from Theorem E2 El and IOT1 

Assume now that N C P is not 2-supertransitive. Then Lemma lOU l) implies 
that the principal graph of C P is Dn^ with n > 5, and so Lemma RT2l (4) implies 
the case (4). □ 

Remark 6.3. Except for the case (4), we have Q(P, Q) = cos -1 1/([P : Q] — l) thanks 
to Lemma 2.5 and Corollary 13.111 In the case (4), we have Q(P,Q) = ir/4 thanks to 
[541 Theorem 6.1]. 

7. a-INDUCTION AND GHJ PAIRS 

7.1. a-induction and angles. Let M be a properly infinite factor and {\i}i<=i be a 
finite system of irreducible endomorphisms in Endo(A/"). We assume: 

(1) there exists £ J such that Ao = id.^-, 

(2) for % 7^ j £ /, we have [Aj] ^ 

(3) for each i £ /, there exists % £ / such that [Aj] = [Xj], 

(4) there exist non-negative integers such that 



[^1=0^], 
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(5) the system {Aj}j g / has a braiding {e(Aj, \j)}i,jei ( see PS Definition 2.2] for the 
definition), 

(6) Af C M, is an irreducible inclusion of factors of finite index such that 



where J is a subset of / and rij is a positive integer. 

We naturally extend the braiding to the category generated by {Aj} ig / and use 
the same symbol e(p, a) for the extension. We set e + (p, a) = e(p,a) and e~(p, a) = 
e(a, p)* . For simplicity, we use the following notation: v = Lm,N, j = uu E Endo(-M), 
7 = vv G End (A/"). Then a-induction a^. G End (.M) is defined by 



a 



A; 



v ■ Ade (Aj,7) -\ - v. 



(See [44], [58].) Note that for x G M we have ^(z/(x)) = 7 (x) and a^(x) = Aj(x), 



which means a>i/ = i^A,-. 



A, 

fz/, i/A,-)- Then thanks to Theorem 12^91 we have 



jeJ 

as a linear space. We choose an orthonormal basis {t(i)kYl 3 = i ofHj. 
Lemma 7.1. Let the notation be as above. Then for t G Tij we have 

a%(t)=e ± (X t ,X J )*t. 

Proof. Since v{t) G (7, 7 Ay), the statement follows from the equation 

7 Ai 1 K 



e{\,^)\{i>{t))eMy 





7 (5(A l; A,)*)P(t). 



□ 

From the above lemma, it is easy to show (p, a) C (ar^ , a^). 
We fix z e / and set A = A io , M = M, P = a+{M), Q = a^{M), N = P n Q, 



and R = A (AT)- Since 



uX, we have R C N. In general these two factors do 



not coincide and we give a description of N now. 
We set 

Ji = {j G J; s(Xj, X)s(X, Xj) is a scalar}, 

and set rrij = e(Xj, X)e(X, Xj) for j G Jj . Recall that <p p = r*p(-)r p is the standard 
left inverse of p. Since s(Xj, A)e(A, Xj) G (XXj,XXj), we have (f>\(£(Xj, X)s(X, Xj)) G 
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(Xj, Aj), which is a scalar. It is easy to show that j G Jj if and only if 

|^( £ (A J) A) £ (A,A J ))| = 1. 
Lemma 7.2. Let the notation be as above. Then 

In particular, the von Neumann algebra N is a factor. 

Proof. Let x,y G M. satisfy o\[x) = oc^(y). Then Theorem 12.91 shows that we have 
expansion of x and y as 

rij 

jeJ k=i 

rij 

y = Yl Yl b (j)kt(j)k, 

j£j k=l 

where a(j) k and b(j)k are elements in M uniquely determined by x and y respectively. 
Thus we get 

rij rij 

J2 A H^MA, *,)*tU)k = <*t(x) = a^(y) = J2Yl HKtikHXj, X)t(j) k , 
jeJ fc=i jeJ fc=i 

which implies X(a(j) k )£(X, Xj)* = X(b(j) k )e(Xj, A) for all j G J and 1 < k < rij. Ap- 
plying A to both X(a(j) k ) = X(b(j) k )e(Xj, X)e(X, Xj) and X(a(j) k )(e(Xj, X)e(X, Xj))* = 
b(j)k, we get 

a(j)k = b(j)k(i>\(£(Xj, X)e(X, Xj)), 

a(j) k (j) X (e(X j ,X)e(X,Xj)) = b(j) k , 

which shows that a(k)j ^ only if \4>\ j (e(A, Xj)e(Xj, X))\ = 1, which is equivalent to 
j G Ji . On the other hand, when j G Jj we have e(Xj, X) = mjs(X, Xj)* and 

"a(E E a ^) fct ^) fc ) = "a(E E m 7 la 0') fct 0') fc )' Va (j)fc G ^ 
ieJi fc=i J'e^o k=1 

which shows the first statement. Since Y] „. c , A/"7i,- is an intermediate von Neumann 
algebra between A/" and .M, it must be a factor, and so is N. □ 

Assume that P C M has no non-trivial intermediate subfactor. Then 1} = 
P C M 

U U is a quadrilateral though it is not irreducible in general. 

N C Q 

Theorem 7.3. Let the notation be as above. Then 

Ang(P, Q) = {cos" 1 |0 A (e(A J , X)e(X, Xj))\; 3 E.J}\ {0, |}. 
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In particular, when the braiding is non- degenerate, we have 

Ang(P, Q) = {cos- 1 {f^}; 3 eJ}\ {0, £}, 

where Sij is as in 0, Proposition 2.4]. 
Proof. Since jM = J2jejN'Hj, we have 

P = aJ(^) = J3 A W«A(Wi). 

g = «-(^) = ^A(AT)a-(^.)- 

Thanks to Remark \2. 121 to compute the eigenvalues of EpEqEp it suffices to compute 
E p Eq on a\{Tij). We claim that for every t G the equalities 

E Q (a+(t)) = A (e(A, A i )* £ (A i , A)> A (t), 

^p(«a (*)) = 0A(e(Ai, A) £ (A, A i ))a+(t), 
hold. Note that we have -Eg = ct^<f) a - and Q - = r^a^(-)r A . Thus 

i-(^W) = r*« x (a+(t))r A = r* x a^(e(\, \j)*t)r x = r A A(e(A, A,)*)e(A„ A)tr A 

= r A A(e(A,A j )*)e(A j ,A)A J (r A )t. 

Since 



r A A(e(A,A i )*)£(A i) A)A i (r A ) = 




= ^(A^OMA^A)*), 

we get the first equation. The second one follows from a similar computation. Using 
the claim, we get 

E P E Q (at(t)) = |0 A (e(A J ,A)e(A,A,))| 2 «+(t), 
which proves the statement. □ 

7.2. GHJ pairs. We first recall the construction of the GHJ subfactors, which first 
appeared in the book of Goodman, de la Harpe and Jones [TT]. Our presentation is 
based on [9]. 

Let G be one of the Dynkin diagrams of type A, D, or E, with a distinguished 
vertex * and let A n be the string algebra String^G (see [9], p. 554] for the definition). 
For i > 1, we denote by the Jones projection in A i+ inA' i _ 1 defined by [9| Definition 
11.5]. Then the Jones projections {e^}^ satisfy the Temperley-Lieb relations: 

(1) e;e i±1 ei = re^ 

(2) titj = tjti if \i — j\ > 2 

(3) tr(eiw) = rtr(w) if w is a word on e±, e,_i. 
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Here r = 1/(4 cos 2 7t/m), where m is an integer associated to G called the Coxeter 
number. For each n, the Coxeter number of A n is n+ 1, the Coxeter number of D n is 
2n — 2, and the Coxeter numbers of E 6 , E 7 , and E 8 are 12, 18, and 30 respectively. 

Let Bi be the subalgebra of Ai generated by 1 and ei, e^-i, for each i = 2, 3, .... 
Then the towers Bi C Ai form commuting squares, and the von Neumann algebra B 
generated by U^-Bj is a subfactor of the factor A generated by U^Aj in the GNS 
representation of the unique trace on U^Aj. This is an irreducible subfactor with 
finite index, called the GHJ subfactor for (G, *). The principal graphs of the GHJ 
subfactors were computed by Okamoto in |50j. 

Because of the Temperley-Lieb relations, there is a unitary representation of the 
braid group inside the algebras Bi, sending the usual braid group generators o~i to 
9i — {t + — 1, where t = e 27n / m , m again being the Coxeter number of G. Let 
Vi = 9x92 ■ ■ ■ 9i-\ and w { = g^g^ 1 • • • 9i-x- We set C { = ViA^v* and A = WiA^w*. 
Then the towers Ci C A» and C Aj form commuting squares, and the resulting 
subfactor P C M and Q C M are irreducible and [M : P] = [M : Q] = 4cos 2 n/k. 
For G = A n the principal graphs of P C M and Q C M are A„, for G = -D2n+i they 
are v4 4n _ 1? for G = D 2n they are for G = E 7 they are v4 17 , and for G = E n 
with n = 6, 8 they are E n , The pair P and Q is called the GHJ pair [13]. (Though 
* is assumed to be an endpoint in [13, Definition 6.2.5], we don't pose this condition 
here.) We set N = P D Q and set R to be the subfactor generated by {ei}°Z 2 - By 
construction, we have R C N though these two factors do not necessarily coincide 
in general. For a special case, the angles between P and Q are computed in [TBI 
Theorem 6.3.2]. 

P C M P C M 

Now we show that U U is essentially the same object as U U dis- 
N c Q N c Q 

cussed in the previous subsection for an appropriate {Aj}ie/ and J\f C A4. Conse- 
quently, the angles between P and Q can be easily computed by Theorem 17.31 Our 
argument below is inspired by [2l Appendix]. 

Let N be the AFD type IIIi factor and let {Aj}f =0 be a system of irreducible 
endomorphisms isomorphic to the irreducible sectors for the SU (2)& WZW model (see 
[2] for details). Such a system can be obtained either by the loop group construction 
[55] or by combination of [57] and p3j using the quantum SU(2) at a root of unity. 
Then the system {Aj}f=o satisfies the assumptions (l)-(5) of the previous subsection. 
The principal graph of Ai(jV) C Af is A k+ i and 

[AiAj] = [X\i- j]+2 i], 

0<2l<min{\i+j\,k}-\i-j\ 



sm \ . ' 
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Assume that an inclusion of factors M C M. satisfies the assumption (6). We set 
iq — 1 and we use the same notation as in the previous subsection. It is known that 
such an inclusion is completely classified by a pair (G, *) (up to graph automorphism) 
where G is one of the Coxeter graphs of type A, D, or E [36} Theorem 2.1], so that we 
can identify A n with (u\ n ,u\ n ) and B n with z/((A n ,A n )). Since z/A = a^z/, we have 
the inclusion relation a±(A n ) C (a±v\ n , a±v\ n ) = (z/A n+1 , z/A n+1 ) = A n+1 . Recall 
that the trace tr on A n is given by <f) u \n. 

Lemma 7.4. Let the notation be as above. Then 

(1) For x G A n , we have a^(x) = e ± (\, A")*a;£: =t: (A, A"). In consequence, the 
restriction of af to A n , as a map from A n to A n+ i, is trace preserving. 

(2) For x G A n we have Ep(x) C a\{A n ) and Eq(x) C a^(A n ). The restrictions 
of Ep and Eq to A n is trace preserving. 

Proof. (1) Let x G A n . Then u(x) G (7A n ,7A n ) and 



7 A A" 7 A A" v v A A 



£ (A,7)A(^))e(A, 7 )* = 




= v(e(\,\ n )*xe(\,\ n )), 

which shows a~^(x) = e(X, X n )*xe(X, A n ). The second equality can be shown in the 
same way. 

(2) Since Ep(x) = a^(f> a +(x) = a^(rla^(x)r\), it suffices to show rla~^(x)r\ G A n 
for x G A n , which can be easily shown by using (1). This also shows 

tr(E P (x)) = tr(a+0 Q +(x)) = tr(<j> a +(x)) = 4> uX ncf> a +(x) = <f) a + vX n{x) 
= (j) l/ \n+x{x) = tr(x). 

□ 

Since e(\,\ n )* = e(\, A)*A(£(A, A)*) • • • A n_1 (£(A, A)*), we can identify c^(i„_i) 
with C n and a^(A n _i) with D n (for an appropriate choice of the braiding). 

P C M P C M 

We now show that U U and U U are conjugate after tensor product 
N C Q N C Q 

with the AFD type IIL factor. 

Lemma 7.5. Let £ be a factor and a G Mor (Af, C). We set A n = (a\ n ,a\ n ) 
and B n = cr((A n , A n )). Let A and B be the II\ factors generated by U n A n and U n B n 
respectively on the GNS Hilbert space of the unique trace on U n A n . Then A fl B' = 
(a, a). 

Proof. Since (A™, A") is generated by Jones projections, the statement follows from 
the flatness of the Jones projections 0, Chapter 12]. □ 
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P®Roo C M^R^ 
Theorem 7.6. Let the notation be as above. Then U U and 

N^Rco c Q®Roo 

P C M 

U U are conjugate where R^ is the AFD type IIR factor. 

N c Q 

Proof. First we show that R C M and R C M have the same standard invariant. We 
fix a positive integer n larger than half of the depth of R C M, which is finite now. 
Let p = z/A. Then R = p(Af) and 

{ppY^p^p)) c (p P y-\(pp,pp)) c---c ((j>p) n ,(pp) n ) 
u u u 

c c (p P r-\(p,p)) c---c (m^p, (pp) n -v) 

is the standard invariant of R C M (or rather (pp) n (M) C (pp) n ~ 1 p(A^)). We set 

A 2j , m = (p P ) n - J (( (p P y\ m , (pp) J A m )), 

Ai+i,™ = (pp)^- 1 p((p(pp) J A m ,p(p-p) J A m )). 

Note that pp is a direct sum of irreducibles in {Aj}*L . When m is larger than the 
depth of A(jV) C A/", the inclusion graph for Aj, m C ^4j + i )m is the reflection of that 
for Aj+i^m C Aj+2,m thanks to Frobenius reciprocity. Therefore 

Aj^ m C Aj-\-l^ m d Aj+2,m 

is the basic construction. 

Let A/,oo be the factor generated by U m A,- jm in the GNS representation of the 
unique trace of ] J m A2 n ,m- Then we may identify R C M with ^4o,oo C Al.oo and 

is the Jones tower. Lemma 17751 implies 

A 2jj00 n 4, j00 = {ppY-'mppY \ (ppY)I 
A 2j+hoo n ^ i00 = (pp) n ^- 1 p((p(pp) J , p(pp) J )), 

which shows that R <Z M and R C M have the same principal graph. On the other 
hand, we have 

^,00 n ^ 1)00 d (/^(((pp)'" 1 /?, (pp^'p)), 
n ^ )QO d (pp)^- 1 ?^, (pp?))- 

Since [M : i?] = [M : R], the equality holds in the above inclusions and the two 
subfactors R C M and R C M have the same_ standard invariant. Therefore we 
conclude that the two inclusions R C M and R <E> i?^ C M ® i?oo are conjugate 
thanks to Popa's result [53] with [19] (see [47] too). 

To finish the proof, it suffices to show that ep = ep and eg = eg hold in the 
above identification of the standard invariants, which can be done by using Lemma 
EH (2). □ 
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I r, I I • 7T • 2(7 + l)7T I I (j+l)7T I 



Remark 7.7. Since 

\(j) X (e(X j ,X)e(X,X j ))\ = - - ._, - ;; . 

d(AiJd(AjJ|<boo| | sm ^ sm i£±!JZE| I cos fcT2 1 

the operator e(Aj, A)e(A, Xf) is a scalar if and only if j = 0, k. Thus we have Jj = 
J fl {0, k}. It is known that k G J occurs only if is even. In this case, we may and 
do assume X\ = idjv - by choosing a representative Xk satisfying XkXk/2 = Xk/2, which 
implies that there exists a unitary Uk G TCk satisfying u\ = 1. Therefore we may 
regard Af+AfTCk as the crossed product Af x Afe Z/2Z. We make this assumption and 
identification in what follows. 



The following corollary answers the question raised in [T3J, comment after Propo- 
sition 6.2.4] in the negative. (The subfactor R is denoted by TL2 in [13J.) 

Corollary 7.8. Let the notation be as above. Then R = P fl Q if and only if k ^ J. 
If he J, the index of R C P n Q is 2. 



Proof. Thanks to Theorem 17.61 we may work on R and N instead of R and N, which 
together with Lemma [7721 show the first statement. When k G J, Lemma [7721 shows 
iV = a x (J\f + AfTCk) and the second statement follows from Remark [7771 □ 

The following corollary is a generalization of [T3l Theorem 6.3.2]. 

Corollary 7.9. Let the notation be as above. Then 

I G?+1)t I 

Ang(P, Q) = {cos- 1 L 3 EJ}\ {0, -}. 

I cos k+2 1 z 

Example 7.10. Let Af C M. be the inclusion of the AFD type IIIi factors associated 
with the conformal embedding S77(2) 10 C SO{h)i (see [58], p. 381]). Then the corre- 
sponding GHJ subfactor is given by E 6 with * equal to the vertex of the minimum 
value of the Perron-Frobenius eigenvector, and so its principal graph is as in Theorem 
[£51(2) (see [9, p.726],[50]). Since [7] = [A ] © [A 6 ], we have R = N, and so N C P is 
conjugate to the GHJ subfactor, while PcMis the E 6 subfactor. Since 

dim(z/A, vX) = dim(7, A 2 ) = dim(A © A 6 , A © A 2 ) = 1, 

the inclusion N C M is irreducible. The angle between P and Q is computed as 
Q(P,Q) = cos _1 (2 — v^3) by using either of |T3l Theorem 6.3.2], Theorem 14.31 or 
Corollary EH 

It is observed in [13], Proposition 6.2.6] that R C M is irreducible if and only if 
* is an endpoint. However, even when * is not an endpoint, the inclusion N C M 
may be irreducible (though it is very subtle in general to decide whether N C M 
is irreducible or not as we will see below). We use this observation to compute the 
opposite angles of quadrilaterals constructed in [12]. The following theorem is shown 
in [12. 
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B C A 

Theorem 7.11. Let U U be an irreducible noncommuting quadrilateral of the 

DcC 

hyperfinite II\ factors such that D C B and D C C are supertransitive and [B : D] 
and [C : D] are less than 4- Then the principal graphs of D C B and D C C are 
A 2n +i with an integer n > 2. For each integer n > 2, such a quadrilateral exists and 
is unique up to conjugacy. 

We now compute the "opposite angles" of the above quadrilateral. 

CCD 

Theorem 7.12. Let U U be the dual quadrilateral of the quadrilateral in the 

A C B 
previous theorem. Then 

(2j' + l)7T 

s « . cos o ri n — 1 

Ang(B, C) = {cos- 1 §±^; j = 1, 2, • • • , [—-]}, 

COS o i r» ^ 

2n+2 

where [(n — l)/2] «s t/ie integer part of in — l)/2. 

Proof. We show that the above quadrilateral is given by the GHJ pair of A 2n+ ± with 
* equal to the midpoint. Thanks to Theorem 17.61 we can use a-induction instead of 
the GHJ construction for this purpose. Let M and {Aj}f =0 be as before with k = 2n. 
Let (M, {Xi}i =0 ) be a copy of (A/ - , {Aj}f =0 ). We embed N into M by 

v : N 3 x i-> A n (s) G Al 

Then we have v = X n regarded as a map from M. into A/, and so 7 = and 7 = A^. 
Since 



we have J = {0, 2, 4, • • • , k} and J io = {0, k}. Therefore thanks to Corollary 17.81 

N = a±(A/ x Afc Z/2Z) = af(u(M) + u(AT)u k ), 

where Uk G (1/, z/A^) = (A n ,A n Afc). As before, we set M = A4, P = a^(A4), Q = 

P C M 

a^(M), N = P (7 Q, and O = U U . Then the principal graphs of P C M 

N C Q 

and Q <Z M are A 2n+ i. To prove the theorem, it suffices to show that N C M is 
irreducible and £2 is not cocommuting thanks to Corollary 17.91 and Theorem 17.111 

We claim = Ade ± (A, A n )A. Indeed, since e ± (X, 7) = A n (e ± (A, A n ))e ± (A, A n ) and 
e ± (X, A n ) G (AA n , A n A) = (Av, PA), we have 

Ad(e ± (A, 7))AP(x) = AdA n (£ ± (A, A n ))Ade ± (A, A n )AP(x) = AdP(e ± (A, A n ))P(A(a;)) 

for all x G A4, which shows the claim. In particular, the two subfactors P and Q are 
inner conjugate in M. Therefore if N C M is irreducible, Theorem 13.101 applied to 
the dual quadrilateral £2 shows that is not cocommuting. 
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Now our only task is to show M fl N' = C. Note that N is generated by is(X(J\f)) 
and v(e(\, \k)*)uk with Uk G (v, v\k), and so 

M f] N' = (i/A, i/A) n {i/(e(A, A fc )*H}'- 

Therefore it suffices to show 

(UU)n{A n ( £ (A,A,)>}' = C. 

where m is a unitary in (A n , A n Afe). By Frobenius reciprocity, we have 

dim(A n A, A n A) = dim(A 2 , A 2 ) = dim(A 2 l , A © A 2 ) = 2, 

and we can choose a basis {1, s} of (A n A, A n A) with 

An X 



W 



X n A 

where v G (A n , A n A2) and w G (A2A, A). On one hand, we have 

A„ A X n A 



sA n (e(A, \ k )*)u 



A 2 



w 



u 

AJX 



A 2 



A n A Afc 

where v = e(X 2 , X n )*v. On the other hand, 

An A 



An A Afc 
An A 



X n (e(X,Xk)*)us= A " 



£1 
w 




An A Afc A„ A Afc 

Since dim(A„, A2A„Afc) = 1, there exists a scalar c such that 

An 



A, 



A, 



u 



An 



A2 A n Afe A2 A n Afc 
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which implies s\ n (e(X, Xk)*)u = cX n (e(X, Xk)*)us. The number c is given by Kirillov- 
Reshetikhin's quantum 6j-symbol with q = e m ^ n+1 > (see [37, (5.4)]). Using the 
notation in [37] (irreducible representations are parameterized by half integers there), 
we get 




Note that although an explicit formula of the 6j-symbols depends on the choice of 
intertwiners in general, the above one does not because the same intertwiners u and 
v appear in the both sides. This can be computed by [37], Theorem 5.1] and it turns 
out that we have c = — 1. Therefore iVcMis irreducible. □ 

7.3. Asymptotic inclusions and angles. Another rich source of noncommuting 
quadrilaterals is asymptotic inclusions. We show that a technique similar to the one 
we used in the previous subsection works in this case too. 

Let Af C M be an irreducible inclusion of the hyperfinite Hi factors with finite 
index and of finite depth and let 

Af c M c Mi c • ■ ■ c M n c - • • 

be the Jones tower. The algebra U n M n has a unique trace and we denote by Moo 
the factor generated by U n M n in the GNS representation of the unique trace of 
U n M n . Then the inclusion M V (M^ fl M') C Moo is called the asymptotic 
inclusion of Af C M (see 0, Chapter 12.6] for details). It is easy to show that 

A/V (M^nAf') c Moo 

U U is an irreducible commuting quadrilateral 

A/V (MooHM') c M V (M^ n M') 

of factors. We show how to compute the "opposite angles" of this quadrilateral. 

Example 7.13. When the principal graph of Af C M is A n , there exists a sequence 
of Jones projection {ej}~ 1 such that Af = {ei}°Z 2 " C M = {ej}?^ . We set eo = ejv, 
e-i = e M and e_ (i+1) = e M . for i > 1. Then Moo = {^i}^=-J\ M V (M^ n M') = 
M v iMn n A/') = {ei}^ l5 and A" V (Moo n M') = {e,}?^. The index of 
the asymptotic inclusion in this case is computed in [8] and the principal graphs are 
obtained in [TP] . 

It is well-known that Moo H M' is naturally identified with the opposite algebra 
M opp of M and M V (Moo n M') is naturally identified with M ® M opp , and 
so we identify Af V (A^oo fl M') with Af ® M opp too. However, we never identify 
Afy (Moo HA/ 7 ) with A/tSjA/ 01315 as we cannot take common factorizations M®M opp 
and Af <S> Af opp for MW (Moo ^ M') and Af V (A^ fl A/'). By cutting the Hilbert 
space L 2 (Moo) by an appropriate projection in M'^, we may assume that Moo acts 
on L 2 (M ® A4 opp ) = L 2 (A4) ® L 2 (A4 opp ). Since may be confused with ® 1 in 
this representation, we use the symbol e for ex in A^oo- Let J = Jm ® Jm°w be the 
canonical conjugation of M ® M opp . We set 

M ■= J (AT V (Moo n A4'))'J = J(A/ ® AT PP )'J = All ® Al opp , 
P := J(A< V (A^oo n M'))'J = J(M ® AT PP )'J = A4 ® A4 opp , 
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Q := J(My (Moo n jV'))'j, N-^JM'^J. 

Note that Q is not equal to .Mi ® M opp as we formally (just formally) broke the 
symmetry between M V (Afoo ClJA') and M V (.Moo H M') by representing A4 oo on 
L 2 (M <g> A^ opp ). However, we still have the following: 

Lemma 7.14. Let the notation be as above. Then Q and Mi ® A/ opp are inner 
conjugate in M . In particular, we have M®qM = M.i®M° pp as M — M bimodules. 

Proof. Note that 

M <g> A/ opp C A/ ® M opp C My (M^ n A/') = (A/® AT PP ) V {e} 

is the basic construction with the Jones projection e. Thus 

Q c Ali ® AT PP c J(A/ <g> M opp )'J = Mi® Ml PP 

is the basic construction too, which shows that Q and M\®M opp are inner conjugate 
in M. □ 

Our purpose of this subsection is to show the following theorem: 

Theorem 7.15. Let the notation be as above. If the principal graph of M C M is 
A n , then 

COS — n 9 

Ang(P, Q) = {cos- 1 j = 1, 2, ■ • • [—-]}. 

COS n+l 2 

P C M 

We go back to the general (not necessarily A n ) case. Let Q = U U be as 

N C Q 

above. To compute Ang(P, Q) we may replace M with 

M <g> M(f) <g> B(£ 2 ) = Af <8> B(£ 2 ) <g> (M ® B(£ 2 )) opp , 

and so we may and do assume that A C M is an inclusion of properly infinite 
factors from now on. In this case, the inclusion N C P is described as the Longo- 
Rehren inclusion [46] whose structure is well-studied [22] . Therefore the structure of 
A C P C M is completely understood. It is a little tricky to decide the position of 
Q, but we can handle it by using Lemma 17.141 We use the symbols l, Lq, k, and kq 
as in Section 4. 

We recall the notation in [22] to describe the Longo-Rehren inclusion N C P. Let 
i> : Af Aii be the inclusion map and let A = {pA^ G A De the set of irreducibles 
contained in U n (z/z/) n . We may assume that p e = id^ with e G A and [p^] = [p^]. 
We identify Af opp with M' = J M MJ M and define j : M -> Al opp by j(x) = J^xJ^j 
for £ G AL For x G A4, the corresponding element x opp G A4 opp is identified with 
j(x*). We denote by p| pp the endomorphism of M opp corresponding to p%. In our 
situation, we have p^ pp = jp^j^ 1 . It is known that we have [a] = ©£ 6 A [Pd' wnere 
p£ = P£®Pg PP , and so d(t) 2 = X^eA °^(£) 2 - We choose an isometry G (p^®p^ PP , tt) 
such that r r = V^, which will be denoted by V for simplicity. We denote r t G A by W, 
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which is described as follows. Let {T(j „)i}iJi be an orthonormal basis of (p^, p^p v ), 
and set 

i=l 

which does not depend on the choice of the basis. Then we have 

To describe the conditional expectation Eq, we use the following lemma: 

Lemma 7.16. Let B C A be an irreducible inclusion of property infinite factors with 
finite index and let \i : B A be the inclusion map. Let [pip] = ©^L ^i[crj] be the 
irreducible decomposition and let {s(i)i}™li be an orthonormal basis of (p, c^p) . Then 

j m rii 

Eb ^ = \ A Ki S d{^)s{i)iO-i{x)s{i)i, Va; G A 
^ • D J i=0 1=1 

Proof. Let s(z)j = \J d(ai)s(i)*ai(rp). Then {s(z)z}I^a is an orthonormal basis of 
(<jj,/i/i) thanks to Frobenius reciprocity. Thus 



m rii 

E B (x) = /i(r*p(x)r M ) = /x(r*)///i(x)/x(r M ) = ^ ^/x(r*)s(i)/cri(a;)s(i)*/x(r,, 
On the other hand, 



M7- 

i=0 J=l 



= ^/ d(a i )p(rl)s^)* l a i (r fl ) = ^/ d(a i )s(i)* l a i (p(r^r p ) = 



-su 



which shows the statement. □ 

Recall that to compute Ang(P, Q), it suffices to determine the eigenvalues of E p Eq 
restricted to P. 

Lemma 7.17. Let [vis] = @^ e Ai n dPi\ ^ e ^ e irreducible decomposition. Then for 
x G P , we have 

\2 



Proof. Thanks to Lemma T7.141 we have [kqKq] = ©^ 6Al [id^x <8> Pg PP ]- Thus to 
compute Eq using Lemma [7. 161 it suffices to obtain (kq, (id Ml(g)f) °pp) kq) for £ G 
Although it is not so easy to capture this space directly, we have 

(«q, (id Ml <g> p^ pp )kq) C (kqLq, (id Ml ® p° pp )K Q i Q ) 

= ((i/ <g> idA4°pp)^, <8> P^ PP ) t ) 
* (a,^®p° pp ). 
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Comparing the dimensions of the both sides above, we get equality for the above 
inclusion. 

Let {£(Oi}iii be an orthonormal basis of (v, vp%). We claim that 

d{t) 

is an orthonormal basis of {{v ® id_A4o PP )i, [v ® p^ pp )t). Indeed, it is easy to show that 
(*(£)* <£> l^V^W belongs to the intertwiner space ((y (g> idxo PP )t, (z/ ® p^ pp )t), and so 
the operator W*Vt(t(£)it(£)i (g> l^V^W is already a scalar, which is equal to 

E N E P (w*vs(t(Oim: ® i)v £ w) = ^(w^p(t(e)it(Os- ® i) 

d(t) 2 ' 

This shows the claim. Thus Lemma [7.161 shows that for x & P we have 

L J ceAi i=i 



^ ' ^ (eAi i=i 
Therefore we get 

E P E Q {x) = j^^j2J2 w * v ^)Mmmt^m* w 

^ J £6A! i=l 



□ 



To compute the eigenvalues of EpEq\p, we need the crossed product-like decom- 
position as in Theorem 12.91 based on the irreducible decomposition of u. It is known 
that every sector contained in a power of It is of the form a a , where a is a finite direct 
sum of endomorphisms in A and a is a parameter of the corresponding half-braiding 
£ { a P£iPt (T ) ( see [221 Section 4] for details). Let 

U a (a) = Vd^iO ® ® icW)(^*). 
eeA 

Then a" is the restriction of Ad[/ a (cr)(cr <g> id^o PP ) to N. Irreducible a a is contained 
in It if and only if a contains idju- In this case, we have 

0, ia a ) = U Q (a)((id M ,a)(g)C). 

Therefore to compute Ang(P, Q), it suffices to compute EpEq on this space thanks 
to Remark I2TT1 
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Lemma 7.18. Let a a be an irreducible endomorphism of N contained in u. Then 
forv e (id M ,a), 

E P E Q (U Q (a)(v ® 1)) = U a (o-)(fc v (e°(uv)v) ® 1). 
The map (id^, u)9«h <\>v v {e t %{pv)v) depends only on the sector of uu and 

Proof. It is routine work to show the second statement. Since we have 

17»(„®1) = J2 V v(e a Av)v®l)V v *, 
•neAo 

Lemma 17.171 implies 

E P E Q (U a (a)(v®l)) 

= uf^n E E ^W*VMV v (e:(ri)v®l)V v *)V,*W 



at; 



c 



1 J r),CGA ?GAi i=l VS; 



Thanks to the half-braiding relation, we have 
Thus Frobenius reciprocity implies 



f,»7 



t)6A[) 1=1 



^(0 E lL d ^Mnl v )):K(o*pdv)ni 



^MCK(C) E E^(^( T (I C ))^))^(0VeK(| c )I)r Pf 

r?GA i=l 

d(Od(c)e?(o E E^(^( T (l c ))^))^(o>(^(r(| c )r)^)r Pf 

?jGAo i=l 

N L 

d(t)d((K(0 E E^(^(r(| c )^(| c )I))^(OVe(^)^- 

rjGAo i=l 
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Using the half-braiding relation again, we see that this is equal to 

d(Z)d(QeZ{Qr^pt(eZ®v)r^ = d(0^(CK(C)<M^(£>), 

which finishes the proof. □ 

Proof of Theorem \7.15[ Assume that the principal graph of Af C M. is A n . The 
structure of N — N sectors associated with the inclusion iV C P is described in [22j 
Section 7]. We may assume that there exists a system of endomorphism {Ajj^Q 1 
of M. isomorphic to the irreducible sectors of the SU{2) n _i WZW model such that 
Af = Ai(.M). Then we have \vv\ = [Af] and A = {A 2i }J^~ 1)/2] . When i - j is 
even, we set a id = XiXj and e a ^(Xi) = e + (Xi, Xi)Xi(e~(Xj, A;)). Then {e aiJ (A/)}; is a 
half-braiding for a^j and we denote by offj the corresponding endomorphism of N. 

Assume first that n is even. In this case, the endomorphism a^fzi is irreducible 
and 

n/2-l 

8=0 



Since (id M , a 2it 2i) = Cr Aai , we get 



Ang(P, Q) = {cos" 1 ^JrlJ xj (e a2 ^(Xl)r X2t y, % = 0, 1, • • • , — } \ {0, -}. 

It is easy to show ^.^^(e^. i2i (Af)r A2 J = 0a x (e(A 2 j, Ai)e(Ai, A 2i )) 2 and we get the 
statement. 

Assume now that n = 2s + 1 is odd. Then o\i is irreducible for i = 0, 1, 2, • • • s — 1 
while is decomposed into two sectors, say /iq and /ii such that 



s-l 

[u] = 

i=0 



Then a similar computation as above shows 

Ang(P,Q) = {cos" 1 |^ Al (e(A i ,A 1 )e(Ai,A < ))|; i = 1, 2, • • • , s}, 

(since EpEq((l, Lofff s )) = we have EpEq((l, i[i )) = too) which shows the state- 
ment. □ 



8. Appendix 

In the proof of Theorem 15.191 we use the fact that there exists a unique Q-system 
for idp © R6n up to equivalence. We give a proof of this statement here. 

The next lemma follows from Frobenius reciprocity [2Ql Section 2.3], which says 
that the right normalization of the norm of an element v G (r,pa) is ( d (^H°") j 1 / 4 ^ 



Lemma 8.1. Let C, A4, and Af be properly infinite factors and p G Mor (Af, A4 ) , 
a G Mor (£, Af), and r G (£, A4) be irreducible morphisms. If v G (r, per) satisfies 
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(«£!f>)"\ then 



T 



G 



V 



P 
P 



,d(r)d(a), 1/4 



r 



v 



( d(r)d(p) , 1/4 
1 d(tr) ' ' 



£7 



We recall the construction of the Haagerup subfactor in [23l Section 7]. Let C 4 be 
the Cuntz algebra generated by isometries {S ,T ,T 1 ,T 2 } and let d = (3 + vT3)/2 
(which will be d(p)). We introduce an endomorphism p and a period 3 automorphism 
a of 04 by setting 

(8.1) a (So) = <Sb, a(Tf) = T i+2 , 



(8.2) 



^ + 7^.?„ TjTi ' 



ieZ/3Z 



(8.3) p(T < ) = -^5 I!! i + T_ i 5'o5S+ ]T A(i + j, i + /c)T,-T i+j+fe T* 

where i is understood as an element of Z/3Z and 

A(0,0) = ' 1 



A(0, 1) = A(0, 2) = A(l, 0) = A(2, 0) = A{1, 1) = A(2, 2) 



d- 1 



A(1,2)=A(2,1) 



1 + \J\d - 1^1 



2(d-l) 

Then p and a extend to an irreducible endomorphism and an outer automorphism 
respectively of the weak closure M of O4 in the GNS representation of some KMS 
state, which will be denoted by the same symbols. Moreover we have So G (idM,p 2 ), 
T G (p, p 2 ), T\ G (ap,p 2 ), and T 2 G (a 2 p, p 2 ) and ap = pa 2 . It is easy to show that 
p satisfies the condition of Lemma 13751 namely 

(8.4) p(T )S = T So, 

(8.5) VdS + (d- 1)T 2 = Vdp(So) + (d- l)p(T )T . 

Therefore there exist a Q-system for id.M © P and a subfactor P C M such that 
[kk] = [idjvf] © [p], where k : P > M is the inclusion map. Note that p = fj 
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and a = 6 in the notation of Theorem 15.191 Lemma 13.51 shows that we can choose 
isometries v = r R , w = ft(r re ), and v\ G (p, kk) such that (3.3) holds: 



(8.6) 



w 



vip{v)v{ 



d 



d- 1 



v 1 p(v 1 )T vl. 



Vd + T VdTT V d + 1 \ d + i 

To finish the proof of Theorem 15.191 it suffices to show that there exists a unique 
Q-system for idp © Ran up to equivalence. For this purpose we solve the equations 
(3.1) and (3.2) with a := Ran. For this, we use the following notation: 

K R P 



,d{K) 2 ,l/A ,d + 1,1/4 # 

( d ) Vl = Vl 



d 



,d + 1 N 1/4 



P K 

R 



P K K 

K R R P 



P K P « 



K 



R P 



R P R P R R 

Every vertex expressing an element in (ap, pa 2 ), (p,apa) etc. such as 

a p p 



Pa 2 a p a 
will always mean 1. We choose So as r p = r p and set 

P P P 



P P 



d 1/A T*. 



Then 



P 



P P P P 

= d l ' 2 S*p{d llA T Q ) = d 1/A T* 

P P 
P P P P 

skJ = p(rf 1/2 S*)rf 1 / 4 T = d^T* 

P 



P 
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In the same way, we have 



p 



p p 



Equation (8.4) means 



P P P P P P 

We use a similar expression for d x I^T\ G (ap, p 2 ) = (pa 2 , p 2 ) and <i 1//4 T 2 G (a 2 p, p 2 ) 
(pa,p 2 ). 

Since we have 




k p « « p « 




we simply express this intertwiner by 




Ac P K 
. In a similar way, we have 



R P « 



AC o; n AC k a n K 



p 



p 



AC a n AC AC Q! n AC 



AC a AC 



AC a AC 



p 


p 







The diagram 



ac a" n AC 



and we simply express it by 

in the same way. 
We set 

R = 



AC OL AC AC Q; AC 

Then thanks to Lemma UTTl we have 



p 


p 







is also interpreted 



AC P AC 




G (idp,cr 2 ). 



,d(K,)d(p) d(tt) 2 ^ 1/4 



c?(ac) d(p) 
All we have to show is the following: 

Theorem 8.2. Lei £/ie notation be as above. Then there exist exactly two elements 
S G (a, a 2 ) satisfying \ \S\ \ = d(af' 4 = (d + l) 1 / 4 and 

(8.7) a(S)R = SR, 
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VITT 



d 



■(R-a(R)) = a(S)S-S 2 . 



(Note that if S satisfies the above condition, so does —S.) 
To prove the theorem, we choose a basis of (a, a 2 ). Note that we have 
dim(<7, a 2 ) = dim(Ran, RanRaR) = dira(nRaKR, anRa) 
= dim(a®ap®a 2 p@a 2 p 2 ,a 2 ®p) = 2. 

We set 



a 



Si = 



a 



K a K K OL K 



k a k 


P 


P 




P 




P~~\ 


\ n i 


K OL K 


K a k 



E(a,a 2 ). 



Then since r R and v\ are orthogonal, so are Si and S 2 . 

Lemma 8.3. Let the notation be as above. Then ||Si|| = ||S 2 || = d(a) 1 ^ 4 = (d+1) 1 / 4 . 
Proof. For Si, we have 



|Si|| 2 = d(K) 



K OL K 

Since this is already a scalar, it is equal to 

a k a k 






d{n). 



For S 2 , 



IS, 



K a K 



a k 









d(n) - 




P 


Vd 










~^~P~~ 





P 










P 




Vd 


P~~ 




d 











a k 
P 



Pi 




K OL K 



a k 



p 

a k 



K =d(K). 



□ 
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The above lemma shows that every element S £ (a, a 2 ) satisfying | j*S'| j = d(a) 1 ^ is 
uniquely expressed as S = aS± + bS 2 , where a and b are complex numbers satisfying 
\a\ 2 + \b\ 2 = 1. Therefore (8.7) and (8.8) are equivalent to the following equations 
respectively: 

aSiR + bS 2 R = aaiS^R + ba(S 2 )R, 



d 



(R-a(R)) = a 2 (<r(S'i)S , i - S 2 ) + ab(a(S 1 )S 2 - ^ S 2 + a{S 2 )S 1 - S 2 S ± ) 



+ b 2 (a(S 2 )S 2 - Si). 
The following lemma will be frequently used in what follows. 



Lemma 8.4. Let the notation be as above. Then 



p p p p 



K K 



d-1 



K K 



d 



P P 



Proof. The first equality is easy. For the second, we have 

K R 



K K 
K 



P P 



K K K K 

1 K^ R + Vd 



d{n 



K 

P P 



d{n) 



K 

P P 



K 



d(n) 



i Vd 



K K 



Ki^K d(n) 
P P 




K 



Thanks to Equation (8.6), we have 
P 



= <^) m ^?>^) 



WVi 



d 



rf 1/4 T , 



which shows the statement. 

Lemma 8.5. Let the notation be as above. Then we have 

SiR = <t(S!)R, S 2 R = a(S 2 )R. 
In particular, ( 8. 7) always holds. 

Proof. We introduce a linear isomorphism F : (idp,<r 3 ) — > (kR, olkRockRol) by 



K 



F(x) = 



a k k a n k a 



□ 



Since every intertwiner above belongs to the space (idp,<r 3 ), it suffices to show the 
equalities after applying F to the intertwiners. 
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For F(SiR), we have 



F(S 1 R) 



a 




a k k a k k oc 



a K K OL K ft a 



Using Lemma [83 with consideration of [a 2 (icU/ © p)a] = [idj^] © [cup], we get 



K K 




a k k a k k a 



In a similar way, we have 



F(a(S 1 )R) 



d 




OL K K a K K a 



Since we have 




da (Sq)Sq = d, 



a a 




= da(SQ)S = d, 



a a a 



we get FiStR) = F^S^R). 
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For F(S 2 R), we have 
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F(S 2 R) 



an k a k k a 




a K K OL K ft a 



Using Lemma [8^41 with consideration of [p idM«] = [cup] and [ppa] = [a] © [p] © [ap] > 
[a 2 p], we get 



F(S 2 R) 



d-l 

d 




In a similar way, 



F(a(S 2 )R) 



d-l 
d 




Since we have 




p ^ = d 3/4 p(T*)T 2 T = rf 3 /M(2, 1)T X = rf 3/4 A(l, 2)21, 
a p a p a 




d^a{T*)ap{T x )T = d 3 ^T* p(T 2 )T = d?' A A{l,2)T x , 



a papa 
we get F(S 2 R) = F(a(S 2 )R). 



□ 



Lemma 8.6. Let S = aS\ + bS 2 with a,b 6 C. TTien Equation (8.8) is equivalent to 



(8.9) 



— = = a 2 + Vc? — la6, 
Vd 
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(8.10) 



d-1 , b 2 

— - — = ab . 

d Vd^l 



Ul) 



= a 2 



ab 



Vd^l 



A(l,2)b 2 



(8.12) 



= ab + 



l + (rf-l)A(l,2) 

(d - l) 3 / 2 



Proof. Let G : (a, a 3 ) — > (kkcukk,, aKKaKKa) be the linear isomorphism defined in a 
similar way as in the proof of the previous lemma. We first compute G(R), G(a(R)), 
G(S 2 ) etc. 

For G(R), we have 



G(R) 



U 




K K 



an K Oi K K OL 
K R K R 



K K K K 



d(n) 



U 




a k k a k k a 



+ 



Vd 

d(n) 



u 




OL K K OL K K OL 



Applying Lemma [8T41 to the second term, we get 



G(R) 



Vd + l 



a k k a k k a 



K K 

W 



Vd + l 



K K 



+ 



d-1 



K K 

p Sp 



d+i r p\ 



K K 



an k ol k k a 



OL K K OL K K OL 



The intertwiner G(o~(R)) is the mirror image of G(R). Since 



r J ^) | = VdS = ! f~rK , 

a P OL P OL OL P OL P OL 
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we get 



y/d + T 



d 



G(R-a(R)) 



+ 



1 

d 



an k, a k k a 



K K 

W 



K K 



1 

d 



a k k a k k a 




K K 



Vd^T 



K K 



an k ol k k a 



a k k a k k ol 



For G(Sf), Lemma [8T41 implies 
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where we use a (So) = S . The intertwiner G(a(Si)Si) is the mirror image oiG(Sf). 
A similar argument shows 




and G(a(S2)Si) is its mirror image. 
For G(SiS 2 ), we have 



« K O K K K K a K K 



G(S 1 S 2 ) = 




a k k a k k a a k k a k k ce 



K K (X K K K K a K K 




a k k a k k a a k k a k k a 
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Since (a 2 a, ap) = (a 2 a,pap) = 0, we get 
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G(S 1 S 2 ) = 




d-l 
d 




a k k a k k a 



a k k a k k a 



The intertwiner G(a(Si)S2) is the mirror image of G(S\S2). A similar argument 
shows 



K K a K K 



G(S 2 ) 



a k k a k k a 



+ 




a k k a k k a 



and G(a(S2)S2) is the mirror image of G(S%). 
Now (8.8) is equivalent to 



1 

d 



p a 



a p a a 



p a 

Vd 



p a 



2 \ I a 2 




or / x 
a p a a 



Vd^T 



ab 




a p a a 



1 

d 



a p 



a a p a 



d 



a P 
a 2 a3~a 2 ' 



a p 



Vd 




a a p a 



H ; — ab 

d 




P a 



p a 



a p a p a 



ab 

Td 




a a p a 
p a 



+ 



Vd - 1 2 




a p a p a 
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2 



a p 
P_ 



a p a p a. 



a p 




a p a p a 



a P 



Vd - 1 2 




a p a p a 



= 




a a p a 



Pap 



P 



P^ 

a a p a 



+ 




d 



pap 



P . 

1 

a p a a 




pap p a p 




a p a P a ce P a p a 



It is easy to show that the first and the second equations are equivalent to (8.9), 
the third and fourth are equivalent to (8.10), and the fifth and sixth are equivalent 
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to (8.11). For the last equation, we have 



P a P P a p 




= dT 2 pa 2 (Sq)Tq - da(Ti)SQpa(T ) 



a p a p a a p a p a 



= dT 2 p(S*)T - dT S p(T 2 ) = Vd(T 2 T* - T T*), 



Pap PaP 




a p a P a a p a p a 



= dp(T*)T 2 p(T*)T - da(T *)ap(Ti)T 2 >a(T ) 
= dp{T*)T 2 p(T;)T G - dT; P (T 2 )TZp(T 2 ) 

= d(J2 A{2 ) l)T 2+l T;Y { A(2,2 + k)T 2+k T* k Y 

1&/3Z k£Z/3Z 

- d(J2 A(l,l + 2)T 1+l T l *)( £ A(l,k + 2)T 1+k T*) 

1&Z/3Z fceZ/3Z 

= d A(2,l)A(2,l + l)T l T l * +1 -d A(l,k)A(l,k + 2)T k ^T* 

1&Z/3Z keZ/3Z 

Therefore the last equation is equivalent to (8.12). □ 



Proof of Theorem \8.£i Equation (8.11) shows b ^ and so (8.12) implies 



(8.13) 
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where B = (d — 1)A{1, 2). Using the fact that B satisfies B 2 — B + d = 0, we can see 
that this is compatible with (8.11). Iterating (8.13) into (8.9), we get 

= j^Yf{3B-d + l-(d + 2)(B + l))b 2 
±—((l-d)B + d-d 2 )b 2 



(d-1) 

-jdh)-^ B+ ^ 



which shows 
(8.14) 



(E + c^W 

We get the same equation from (8.10). 

Now all we have to show is that (8.13) and (8.14) are compatible with |a| 2 +|6| 2 = 1. 
The equation (8.13) and \a\ 2 + \b\ 2 = 1 imply 

1 + T-i —rB+1 2 = 1 + — — = 1 + 



\b\ 2 (d-1) 3 ' 1 (d-1) 3 d-1 d-1 

Since \B + d\ 2 = d 2 + 2d = d(d - l) 2 , this is compatible with (8.14). □ 
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